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CHAPTER I 


1*1 the general theory of entire functions 
Calao called integral functions) originated in the works 
of miers trass [ 1 ] wk » demonstrated that the tal 

theorem concerning the factorisation of a polynomial can 
he extended to cower the case of entire functions* Se 
also proved that in the neighbourhood of an isolated 
essential singularity the value of a uniform function is' 
indeterminate* These two s formed the basis of . 

the structure on which most of the subsequent research 
in . tide branch has been done • 
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flu first result caught the attention of lagucrro 

\ 

vim further dart lop ad it by introducing now concepts* hater 
the works ©f Poincare# Borel and Badamard resulted in 
substantial advances being made in this direction* the 
second result was extended by Picard \jt ] do proved that 
in Idle neighbourhood of an isolated essential singularity » 
a uniform function actually as suae s every value with only 
one possible exception* the earliest results in connection 
with Fleard's theorem were obtained by Bcrol [$] . 

the beginning of the twentieth century saw the 
introduction of many new concepts by eminent mathematicians 
such .as hindelof, Taliron t Haan Polya otc* since thou the 
theory has been vastly enriched by the contribution of 
khittakori Mevanlinaa, Boas , layman, Shah and others* 

/ . ■ « 

l«8 bet f(s) be a function of the complex 

variable z » r o*® * Then f(s) is entire if it is regular 
everywhere in the finite a~plane, 1*®.» it ha® no singula* 
rity except at infinity* 
bet 

(1.8.1) *(r> 2 M(r,f) * |f(s)| 

then Kr) is said to be the a s off *C») ^ 

|s| » r. the function N(r) is a steadily increasing 
con' function of r and is differentiable in the/ 



adjacent interval# [4] * Further, [ 6 , p.fif?] log H(r) is 
a convex function of log r and can be represented as 


( 1 . 2 . 2 ) log H(r) « log H(r 0 ) ♦ f* jTl W<x) dx 

y o 

where V(x) is an indefinitely increasing function* 
continuous in adjacent intervals. The maxisum modulus has 
played a hey role in studying the .growth of entire functions 

The entire function f(z) is, said to be of finite 
order if there exists a positive number K such that 

(1.8.9) log M(r) < i* 

for all sufficiently large values of r* the lower bound /> 
of such numbers £ is called the of the function, thus 


(£.t.4) 


p 


• la sup 
y *• ee 


log log M(r) 
Jog r 


The order of a constant is tahea to be aero. The 
function is said to be of infinite order if there exists 
no such number K and then we have 


( 1 . 8 . 6 ) 


log log n(r) 

llm sup ■ » - 

r «* ©o log r 


If p Is finite* not ssro* another number* the 
type of f(s) gives a better description of the rate of 
growth of f(s). Thus* the entire function f(s) of positive 
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ord #r f i* said to b® of typ® * , if 

log M(r) ^ 

(l.a.d) lim sap — ™ r * * t (0^ f $ **1 

r «• ®° jf/ 

It is said to be of Hilt * f ** *• 

of order less than 1* or » of order 1 and type less than 
or equal to fCf < «® )» 

1.3 Stooe the entire function f(s) Is regular 
everywhere in the finite s-plane, It ©» always be rep*e* 
seated as a power series given by 

(1.3.1) «») - * *° 

idler® Hie ©©efficients are given by 

(1.3.8) a a * / fad*/ 

m Sri i aj«r 

Since the radius of conwergsao® of the series is infinite, 
the moduli of its terns* vis** |a@li r»****»|^ l |r 11 #** 
decrease after @mm value of n for any finite r. therefore 
there is at least cm® tern whose absolute value exceeds that 
of all ethers* the modulus of this ter® we denote by.yu (r) 
and eall /•©<») to be the ter® of f(«) for |s|er * 

Thus, 

(1«3*8) /Mr) »/M*» f) * *tt le^l ** * 
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let V (r) (r, f) be the Index n for which ). 

In ease there are more than ana maxima tents * by conven- 
tion, we take the highest index as ^ (r) and call it the 
ran* of the maximum term* It is obvious that when the 
aeries is non- terminating , (r) is a non decreasing, an* 

hounded function of r which is constant in intervals and 
has «oly ordinary discontinuities* 

By constructing a NCwton's polygon, faliron [_3,p#3i . 
has shown that ^(r) and iJ (r) are connected fey the relation 

(1*$*4) lo gf^(r) * log ^(r # ) ♦ $ V x~*:u<x) dx, 

*© 

idlers o < r 0 < r . 

I^ca (1*3*1) follows the well toona Cauchy*® inequality, via., 

U*3*S) »(r) > |«y *» . 

and hence we get 

(1*3*3) Jf(r) > y /^(r) - 

Attests have been made to obtain closer relations 
between the growth of/u (r) and N(r)* Being (1*3*4), 
Vellron has shown that, if € is arbitrarily small mad 
positive real then for functions of finite order , 

the Inequalities 
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P4 C 

(1.3.7) /^Cr) < M(r) <^t(r) r 

(1*3*8) A(r) < M(r) < A(r) r ^ 

are satisfied fur r > r @ * r d (8) • Hare n(r) denotes 
tlis oaxlsran real part of f(s) for |s) * r* Per ftnottena 
of finite order these results lead ns te 


(1.3*9) f 


« 11* sup 

r .* oo 


log )®| M(r ) 
log r 


• ite sop 

r *» o© 


loglog^r) 
lof r 

eew'sePp KsP 




* lie smp 
8 *• m 


log 2 ) (r) 
log r 


(1*3.1®) log Jt(r) lo f M(r) * 

Proof of (1«3«10)» based on *s three circles 

theorem, lias boon glten W Itemge [ ej * fet another relation 
between /^(r) and M(r) ms conjectured by Srdos [7] in 193?* 
ftes if f(s) is a trancedental entire function and 


f » lin sup M- (r) /IK*) and m « 11m inf /^(r)/H(r), 
tw ee r «* ae ' 

teen eiteer f > « or 9*0. Recently 9 tray and Sha hL® J ^ 
bare stem! tee conjecture te te tins except In one case teen 
tee Taylor series for f(s) has wide latest gap® * 
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1*4 Concept of lover order for entire functions 
va# introduced fey J.M. Whittaker [ 9 ] • Thus, an entire 
function f(s) is said to fee of lover order if 

log l@g K(r) 

(1.4.1) 11* Inf — *^(0^>^«). 

r *» » log r 

He also proved that 

^ ... . _ leg log/^r) _ 3og^(r) 

<1.4.9) a s M» inf ‘ * ISm inf . . .. . . 

W m log r n fc — > od log r 


Analogous to lover order, ve have the concept of 

tottE jam* ffcos, the entire function f(s), of order 

f(0 < f< «c ) is of lover type t <t ^ I ), if 

(1.4.9) 11* inf — — - — » t (O^t^eo). 

W <* m t y 

Httn P = "X , f(a) is said to fee of regular growth. 
If , than f(a) is of irreaular. . jucsmtt* It i® said to 
he of if *» *• 

the coefficients in the Taylor expansion of an 
ontlro function play a vital role in determining Its grovth. 
Her an entire function f(s) to fee of finite order and finite 
typo necessary and sufficient conditions have been found 
[l0, p. 9,ll] in terns of the Taylor espanaien of f<a). Thu® 
**• *<*> * 

■ n»© * 

UjwAjmMJX 1 
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(1*4*4) 


Ha sup 
a «*■ e© 


n log a 

logi^r 1 


jUL, 


i&m . Sha-£s&ar j° si ft*) .la aaaal la • 

?or an entire function of infinite order this condition 
is necessary tut not sufficient* 


Fartfeer, fcho tfttlgf ,,,flagU«B f(*> * ^ 

is of order p (0</< oo ) and frTpg t(0 < f <»), if jflfl 

only, .if* 

a ^ 

(1*4*4) lln sup — |«l I * t 

a «» oo ^ ® 

®»h [lit p.S©] t has shorn that for an entire 
funetien of order J 3 and loner order \ * the relation 


lie inf 
n - oo 


a log n 

logi^r 1 


'x „ , , *»g log *<*> 

A a lln inf — 

r -* o# log r 


toes not always hold* It does hold when the coefficients 
satisfy conditions which pretent them varying too rapidly* 
thus* he has shown flS, p* 104?] that JX f(s)» J3 W a # 

lijMLJMjaai JCragHgft-ai^g&ag p 

>( 4 ^ ^ eo ) § 

n log b log- n 

(1.4.6) > s Hn inf ^ lln Inf — »» >; . 

m*»m log ) &-**» lo||^ /^|| 
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(1.4.7) 


P 4^ H® aoj? 

n - co 


log a 


1 * 8 K / Vi i 


i i£ U a /^ +x l 




a &£ a > n 0 , then 


n log & 

lim inf 

b* w logf a | 


<1.4*9) 'X 




. . „ leg n 

(1.4.9) P • Ua sup ■■■ * 


Similarly, fete relation 


• lim inf 
n ^ m 


log II 


Vi 


log M(r ) 


i jm inf 

r ? 


m fe «c lim Inf 


a *» ®® 


i*j,i 


4oag not aim;* bold. In fact, It baa boon shown [l3,b.4fi] 


that JX f(«) ■ Z as 0 

a®@ a 

P (0 < f< oe» ) and lo% 


i<»), tten 


(1.4*10) 


8 | a 


t >. U® inf 

B<* m 

“ K A »i* 

“ >*>o » 


I -J 
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(1*4*11) t * lin inf |aj 

Coefficients in the Taylor expansion of entire 
functions also provide a basis for eonpariag the growths of 
two or more tbm two entire functions* Work in this 
direction has been done by R* 8*1* Srivastava |^l4 t 1ft* 16 J 
who has derived relations between the orders of three or 
store than three entire functions and also between their types 
when their coefficients are related in certain manner* 
further work in this direction has been dons by 8*8* Srivastava 
[l?] who has obtained a number of relations connecting the 
orders » lower orders* types and lower types of acre than two 
entire functions* 

(ll 

1*6 The derivative £ ‘ (z) of an entire function 

f (z) is also an entire function of the same order and type as 
its primitive* Since the series (1*3*1) converges uniformly 
and absolutely for every f ini to z» it may be differentiated 
term by term and so we get 


(1*6*1) f* X *<*) » a \^~ X 

i <1 % 

The maximum term yOt(r* f' A# > of the above series 
for fsf 0 r is therefore given by 


(1#6*8) • u. Cr»f'*^^|a^p^^(i)j | r 


< 1 > 


2)(r.f^h - 1 
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where ^ (T 9 t^ x h is t he rank of (r» f* 1 *) eounted 
fro® tbs first taw of the series for f(s)* Further* 
if ve differentiate (1*3*1) s times, m get 


(1*6*9) f^* ^(*) 


S°° n(n~l) a 

®*s * 


Ca I 

and so the aasdmua ter® (r,f v > in this ease is given 

VL-lkm, 

oar 


(1.6.4} ^ (r,f*®*) » -ai (r,f*®^) (tf trf^ <H **l\,{r,f*M x 

X 1 * 


where -xl (r,f**^) is again to he counted * fro® the first 
tern of the series forf(s). 


Attempts have haw made to establish closer 
relations between the maxi mm moduli of the function and 
its derivative and the respective aaxiaiuta tews* Comparing 
the tews in the two laylor expansion, Valiron 

[ 6 , p. 8«] has shown that 


(1.6.5) u, (*, f^ 1 *) ^ - 3 } (*, f U) ) yu.(,)/ x 


* In this work we shall always reckon the tank 
*>{r»f^) fra® the first ter® of the series for 
fhas taking- into " t the s-ser© tews is the' series for 

wcortlog to tM* ocoventlon, tbarafora, themth 
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Be has also shown f 6 , p. lOi] that 25(r,f ) ^(r,^ 1 *) 
and these results have been farther strengthened by labean 
[is] who has shown that 


( 1 . 6 . 6 ) xT (r t f) ^ r 


/i(r,f) 




**») 


Hecently» the above result has been further genera- 
lised by ©.?* June J a jji9» p. 89 J who has proved that If 
^<r, f k ) , y^(r, f^ 1 ) 

^r(r t f k ), ^ (r,!** h rospectively for fcth gad <lw-l>th 

Jtmgllaa *(*>» Hkk 1st • ** .thin 


(1.6.7) 2 J (r,f k ) - r , L ^i5(«», f Wj * & 

/*<r,f k > 

1 awabey of other relations ooaaeeting the function, 
its derivatives! their maximum moduli t maximum terms end the 
ranks of the maximum terms hate been obtained by Valiron [&], 


term in the series for f(s) « e* will be the (m+s)th term 

in the series for f^(s). such a fomtUw of rank 
Cal 

^ (r»f ) for the ease a m 1, has been given by Valiron 
[6, p. 35] mad is usually adopted by other workers also* 
Bo waver , a few workers [ao] , who identify the rank by the 
exponent and not by the suffix of the eoeffieient a^ , 
oxpross f Ck> (s) as 

f U) (s) • \L 0 C® ♦ s)(mes~l) • * ** 


Bos© [26] extended it to the case of the nxifli modulus 
M(r, f^*^) of the sth derivative f^(s)* Shah [zfj shoved 
that 

sup log | r M(r, f (1 V*t(r)] f 
(lt6«l) lim t J « 

r - ®© inf y > 


(1*6.8) Hm inf 

«•> Oft 


M<r,f***) . • sup 3-><r,f) 

•$ lim — — 

M(r»f) r-*« inf r 


M(r f f*H 


^ lim sup — 

r -* as S4(r»f) 


1 * F* Stives tav [ss] extended Shah's result (1.6.1) 
to M(r,f ) and H(r) under the condition that the upper 
limit holds for functions ufcose lover order 1 « However 
1. S. L. Srivastava [2d] has shorn that it can hold without 
any restriction on the order or lover order but r must 


\*t* y « •* T: i ; 4 *w **T # 1*1 i >?TBl * **T*TT1 




r > 1 


Using the traaslation n » ®*s, and thus formulate 'the' rank 
with reference to the first term of the translated series* ' 
Unfortunately, if one adepts the later convention, the remits 
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xailaMm-MLlpg * is. lias .than K^<a/fc) adw a at * 

Independent of r. 

1*7 The aa^baua term of an entire function 
and its rank toe also played a significant role in tbe 
study of tbe gro^b of entire functions. Shah in 1943 
improved tbe following result of Polya and Sxego [ 3o] • 


u <r) x)(r) 

<1*7.1) lim inf < P < lim sup ■ , 

r-®@ logyt^(r) " r*ee logy^(r) 


and eboved [ 31 ] that 


,, „ _ ^><*> x>(r) 

U.7.3) llffl inf fS U* «» 

f * « logM'Cr) 1 •• w 


/ 


Xahman [_33t] further strengthened <1.7.2) by 
shoeing that 


<1.7.3) ~ $ H» mp 


log^<r t f) 


f -• « x) < r f f<a)) 


(1*6*6) end <1*3.6) may not bold as can be easily seen by 
talcing a polynomial for f(s) or even a transcedental entire 
function corb a for f<«). for tbe sate of consistency* m 
therefore stick to faMrons convention.*, 



f 

X 


(1.7.4) ISM 

r ~ mint 


1. F* Srivastav shoved [bbJ that 

sup log r//^ (r, £*®*) //^(r)l 


log r 


»1> result ms earlier obtained by Singh [a*] for • - 1. 


B. 3. L. Srivastava has studied the behaviour of 
(r, f*®* -^(r)J • thus, ho has shorn [ $8, p*»7@J 

that 


sup 

(1*7.6) Hu 

r «* «*inf 


±-% | r a-> (ac t f^* * ^(x) dac 
* *© * 


( s * 1,3,3,...., o < r 0 < r). 
growth and lia [-^(r, f<»*) 

ff 1 - 

is of finite order _p and 


Further if £(a) is of regular 
*u>(r)] exists, thou f(s) 


(1*7*6) lia 
*** 


13 (r, f (,) ) • i Hr)] 


tf for s * l t 3,3,** 


4 more general result has boon obtained by o.p.Juneja 
who has shown. [ 19, p* 86 J that if f(s) he an entire tmmUm 
of order (0^: f ^ m ), lower order 'X and u (r ), 

13 (r, f*®*) denote the ranfcs of the terns in f(a) 

and its sth derivative f*®*(s) for \z\ m r, then 
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i ifcere 


lia 

r ** ©©inf 


2 ^ (r, f*®*) - 


How# If < g * p # then from <1*7 *7 ) it is clear 
that \ • p m thus existence of 11m •iJ(j) 

ji L 

implies that f<s) is of regular growth* 


1 1.8 8o far we haws sew that the rat* of growth 

of an entire fraction f(s) is estimated by ite order and 
when the order is positive and finite# then by its type also* 
when still more precise specification of the rat* of growth 
of ft*) is desired, use is. made of the proximate 'order f(r) 

[ 38# f«Bt] which is more closely linked with log H(r). 
faliren # p.@dj has shown that there exists a proximate 
©tier for every entire taction of finite positive order* ' 
Shah [ $fj has given a ample proof of the existence of 
proximate orders* Be has also established [38, p*3l] the 
existence of a lower proximate order* 


Becently 8*§*I»* Srlvastava *nd O.P. Juneja 



hate introduced a new concept of proximate type* Thus, 
function T<*> is said to be a proximate type for an entire 
function f(s) of order p (0 and type T <0< f < «© ) 


if It satisfies the following properties » 


(1*8 *1} f(r) - is red, continuous and piecewise differentiable 
tm * > *® * 
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(1.8.2) Tit) -* T as r ~ . 

(1.8.3) i? f (r)*» S as r -» « 

irbirt f* (r) is either the right or the loft h and deriv atiw 
at points where they are different* 

M(r) 

(1.8.4) liift sop ~ ■ — « 1 » 

r^« «*P jY.X(r)l 

where 

M(r) * «m |f(s)| » 

1 n| *r 

Xhty haw also demonstrated the exist mm of proximate 
type for entire functions of non-sere finite order and non-sero 
finite type* 0. P. JUneJa jjl9* p. ImJ has also defined lower 
proximate type and proved Its existence. 

1*9 let another important part 'of the theory of 
entire functions is the study of zeros. Substantial contri- 
bution® to the study of the bulmvtoiir of to® zeros and toeir 
distribution* have teen mad® by various workers in this field 
and specially ty H. L* Cartwright. But* her© we shall mention 
toes® results which have a direct hearing on the growth of 
entire functions, first of all it must he pointed out that 
the fsylor series' representation of an entire function Is 
not of much help in toe study of zeros because even a slight.' 



change in one of the coefficients of the scries might alter 
radically the character of the zeros of the function* m 
have therefore to loofc for a representation tor which an 
entire function can he expressed in terms of factors involving 
its zeros. One such representation is due to VClerstrass who, 
with the help of primary factors* 

S (tt, 0) • 1 • u 


K(u,p) * (l~u) exp ( « ♦ i u 8 ♦ ...*+ JL ) 

. 2 P 

showed [l] that '(liven any sequence of numbers 

**• whose sole Halting point is at infinity, there is an 

integral function with zeros at these points only 1 * 

the above theorem of velars trass Is so general that 
It is of little practical value* There Is a more specific . 
factorization am to tttdamard mad it is on this that much of 
the more detailed part of the theory is based. 

The fundamental theorem connecting the modulus of a 
function with the moduli of its zero® Is due to Jensen £4®]. 
The theorem states, • let f(z) he analytic for fsf <1* ’ 
Suppose that f(0) ji 0 and let r lt r gt ... .r R *. . . he the moduli 
of the zeros of f(z) in the circle |z| <1, arranged as a 
non-decreasing sequence, than, if r & $ r 4 » 


( 1 . 9 . 1 ) e*rj 


+ |fCe)! 

V8 ##, \ 




si r 

log |f<r e*®)| dO 


m 
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Let n(r) denote the number of seres of f(s) in 
|s) $ r, then (1.9.1) can be written as 

r*n(x) i f 3lT 4 _ 

(1.9*i) — . dx ♦ log |f (o)| »— leglfCre*®}! 00. 

J x Sir i 

c C? 

HtH the non-decreasing sequence, 
a number ff is associated which is defined by tbe equation 

leg n leg n(r) 

(1*9*9) f » lim smp „ a li» s«p ... 

n * eo log r fl r ^ m leg r 

Ibis number is called tbe exponent of convergence ef tbe 
seres ef f(s)» It can be easily seen that 

Hs) * 1 ( */^ i p) 

' ■ JH* 

where p is tbe smallest integer for which the series Xlr/r^) 

Is convergent* represents an entire fenetien which vanishes, 

-if and only if, s is a sere of f(s)* ?(s) is called the 

formed with tbe seres ef f(s) and integer p 

is called its 

He are new in a position to state the well bnewn 
f s factorisation theorem £ 41 ] • the theorem is as 

follows « 

* It *<*) !■« ^ ciAUr.^..£^.S3L^aL-ftf gaits (Bate 

(1.9*4) f(s) » / e^*>. p(s) 
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«M p and p(*> k ,Uai, 

saM&itsaij^ p JKltlLJMXfli. (ftawf Han am) 

si f(*)»* 

' Ttoe genus of f(a) Is defined to toe ttoe great®? of 
tto® two numbers p and q * It follows easily ttoat if f is 
not an integer then f(z) toas m infinite number of seres* 
flie influence of ttoe s^ros on ttoe growth of ttoe 
function lias been studied toy Isas* la allowed [da] ttoat if, 


sup n(r) to 

li» — * , 

r«* ®oiaf y f ^ 


ttoen 

(X#t.«) £ 4 f f 

(1.9.6) Si N < «f* 

wtoere f la ttoe typo of f(s). Similar properties toave been 
obtained toy [d@] and others* 

If ttoe entire function f(a) toms no .aero at ttoe origin 
i*e* n(0) * 0, let 

(1.9.T) Mr) - J f'itt) it 

o 

A number of relations toave been o connecting N(r),n(r), 

log H(r) etc* vltto ttoe order, type exponent of oonrergmee of 
ttoe function f(s). mm 9 Boas [dd] toms stoown toy a very 
simple method ttoat 
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n(r) sup log n(r) n(r) 

(1.9.S) 11® inf ^ 11® — — ~ ^ Ilia sup — . 

T*»m I(r) log r w~m M(r) 

Singh [45] has given an alternative proof of the 
shove result depending on proximate orders* Singh and 
Manjanathaiah [dd] have also shorn that if f(s) is an entire 
function of order f <0 < f < l) t then 


log M(r) 

(1*9*9) U® inf £ 

t -m m n(r) 


1 

fCl -f ) 


g number of uniqueness theorems have also been obtained 


shoving that if in certain sense the function has too many 
seres* it vanishes identically* Of these we mention . a theorem 
due to Fuchs [47] which is very general uniqueness theorem for 
functions of exponential type and is particularly Interesting 
because it is the best possible result of its hind* fhug» 

'If f(s) is regular for at ^ o and of exponential type c, mad 
if f( > tt ) m © with > 0 » r \ ml -X>® > o » then f(s)eo 
if 

(1*9*30) 11* sup r* ao/V . -f (r) ■ « 
r -» ®e 

where 


(1*9.11) 




amp 


UZ ^ f 


1,10 


W now turn our attention to Blriehlet aeries* 


A series of the for® f(s) * ^ 


where 


M' 



22 


(a ^ 1) Is a sequence of real numbers all positive except 
perhaps » which can be positive or zero, strictly Increa- 
sing to infinity, i»rt it,ii i complex variable whose 
real and imaginary parts are cr and t» and *<n *1*9**.), 

Is a sequence of complex nnabers, is called Birichlet series* 
Birichlet series were first introduced into analysis by 
Birichlet with a view to applications in the theory of numbers. 
4 number of important theorems concerning them were proved by 
Dedikind* Blrlchlat mad Dedikind* however considered only 
real values of the variables* the first theorem involving 
the - complex values of s were obtained by Jensen [dS f 49 ] in 
1384 and 1888 . 

Attempts were made to taow about the possibility of 
applications of Birichlet series In some other branches of 
Mathematics and littlewood [so] in 1909 showed how Birichlet 
series could be useful in the study of entire functions* mong 
tb. early researebara work was dm. by Hitt [Si] who oonald.red 
Dirichlet series of the foy® 

<1*10*1) f<®) * \ ml 

thus he introduced positive exponent In place of the customary 
negative ones, in order to hightsn the similarity between hie 
results and the corresponding toaown results on functions 
defined- by faylor series* 
hot 

( 1 *$ 0 *S) Ma sup leg a />8 • 9 < * * 
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IlMn ( 1 . 10 . 1 ) defines in Its half plan® of convergence a 
holosorpMc function* Let err and fee the abscissa of 
convergence end the abscissa of absolute convergence, 
respectively, of f(s). If D « 0, then ve have 

(1*10*3) c£ a os: * - lim sup log|a J / 

n-oo 

Further, if * <^L * ee , f(s) represents an entire function. 

He consider Dirichlet series for which (1*10*3) hold end 

C £ « * ©O * 

Let 

(1*10*4) WCr) * MX let J ® r ^' yv 

' n^ 1 u 

then H-Or) is defined as the maximum tens of the Dirichlet 

' a 

series* the value of n, for which a particular tew i\t* ~ 
is naxinan term, is called 1(0* In case nor® than one tew 
1® maximum for & given <r t m take the t era of the highest 
index as the maximum tew* Further, the maximum modulus 
li(cr) of f(s) is defined as 

(1*10*3) M(^) * l * u. b J f(o~ eit) | 

**eo < t< oo 

several properties of f(s) regarding the maximum s HC^), 

aaxi mum tew /-<- (<*~ ) and ^ S( <r } have been o ' * . these 
are mostly analogous to the corresponding properties la. the 
case of entire functions represented fey faylor*s expansion* 
the notion of linear order and linear type for such 
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functions Ms been introduced by Htt|T&lJ • thus f(s) 
is of linear order f (0 ^ j°^ » ) if 


( 1 . 10 . 6 ) 


list sun 
<r .* & 


log log K(ff-) 

a~ 



fbe function f(s), of order f (0 </<o©), is of type f 
(0 < T < oo ), if 


lOg M(<7~) 

(1*10.7 ) list sup * 

c r~-* co e f° r ' 

C. 1. Tu has shorn j^62, p.?s] that if (1.10.2) holds then 
for f(s) to be of linear order f (0$ f< ©e ), it is necessary 
and sufficient that 


(1.10*6) list sup 
n «* ee 


In 



f 


# 


He has further shows that f(s), of order f (0< f< <*$ 
is of type 1 (Q< t < ee ), if and only if, 

rv P f 

(1*10.9) list sup — & | a | ^n w f 

®~<*» e /> 11 

As in the ease of entire functions defined by taylor 
series, we hare the eoneepts of lower order sued lower type 
also for entire Diriehlet series* thus, f(s) is of lower 
order > , if 

Cl.i@*i©) lie inf IggJaiJItSJL «> . 
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Similarly, f($) of order f (0< f < eo > Is of lover typeu f 
if 


( 1 * 10 . 11 ) 


log M(cr ) 

I fm inf — — — m 2-/ 

<r — ©@ * ? cr 


Mhmn has shotei [ 53 ] that if log'X a logX » then 


(1*10.13) 


"X log'X- 

^ >. liffi iaf .~JL- -JL 


n -* oo 


logla a f 


whereas, if 


li« sup log a /a * D < co and 

H OO m 


legja^ *X n ) 1* a non-decreasing function 

of a for a > n Q , then 

(1.10.13) > * lin inf >n 

A *• 09 

log|a | 

A 

l corresponding result for lover type has also 
been obtained ty Kmthm who has shorn [ 64 ] that if 
^aei | then 

fA 

(1*10*14) u >/ lia iaf £&, |a | 

a ,» oo # ^ * 

while, if logja^ /a^^l J ~A a ) f®*«s a non-decreasing 
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fuaetioa of a tor a > » 0 « then 

■\ X- 

fl.10.li) 2J 4; i|» Inf 1 A l 11 

II TO 0 p I 1 

Analogous to the ease of entire functions defined 
fey Taylor series, an entire function f(s) represented fey 
Dirichi«t series is said to fee of exponential type f If it* 
order does aot mmm I 1 and type does not exceed f( f < ee ) 
if order is l* It Is said to fee of linear regular growth, 
if f * ^ * If f ^ X t it is said to to ef irregular growth, 
in ease I • ^ , tfee function f(a) is said to to perfectly 
linear regular growth# 

6 *i» fa [i®J has shown that 

(1.10.16) log yU, (cr) • log C7£ ) ♦ J" Ag<%) dt „ <?«£<*- 

<5 

the relation# log X{cr-)^ logger- )* Ms tom established 
fey Tu [mj * augimira [m] and topetia [m] under different 
sufficient conditions* 

iuglsittra [fife] and ftefcnaa [&] tore shorn that 

(1.10.17) f . M. **• 2!*±£^li . U. ^ 

a- ^ ®e c 7 ~ ( 7 -## <s® cn 

(1*10# 1ft) A m i|® inf — — * lin iaf -JL— ,., • 

<r«# ee cr - <r-«# ee ■. <r~- 

while '&•»• aiiv*sta«m [»] fens prosed that if f(s) fee of . 
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linear Ritb- order f> and lower order Tv , then 


(1-10.19) liaiaf } < I < 1 < 11. -p ££±2 

« r - 06 > atr) ' / * A 5 °» " 


>*(<?-) 


further If 0 < j°< o© f and 


If w 
cn^®» ijftf 


logy^: ( <7- ) 

fa~ 


X sup 

* 11* 


cr**m inf ' n_ ' n, ' , ^_ 




8 


t-h«n 


( 1 . 10 . 80 ) 


« i if* < y 


( 1 . 10 . 81 ) 


• i f « ,/r i f * i y 


8««u otter relation, connecting ^(cr), ^ a(0 ,oider, 
lower order* etc. haw® b@e» obtained % l&iman [©gi] f 
H. P. Srivaatev [«o] , *.8.1. Brlvasteva [«] , 0 . r . ,„**»[«*] 
and others • 


Growth of entire Dirichlet series of order aero* ©r» 
Infinite tea alao been studied and result, analogous to 
lajrlor aeries have also teen obtained in these cases, this, 
rcUteic, the lite. of Shah and I, he, [«] , tetean [«] te. 
extended nangr of their results to tte case of entire func tions 
represented tg r Dirlehlet series. 
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Balaguer Introduced the concept of proxiuate 

order to the case of entire functions represented fey DIricfalet 
series* Sbr functions represented fey (1*10.1), Azpeitia [dd] 
defined the linear proxinate order R(c~) as follows « 

*lf 0< f < o© , than for any given number a(0« a < oo), 
there exists a positive continuous function 1 such that 
(i) the derivative R* ( and !♦*( cr) exist overyi ihere hut 
for isolated points idler® R»<(r> 0 ) and R *K°~t o> exist. 


Cii) 

list 

cr S»( cr) 

■ liffi cr 



cr ©0 

(ill) 

lin 

C7~ «* C© 

a ( tf-) * 

f 


(iV> lin^imp log «(<r) / 8Xp(crB{cr) ) * ® 

A^pedle has shown further that for every entire 
function of linear Hfet-order f , there exists a linear 
proximate order 1(0* satisfying the above properties. 

Re 1 ms also obtained the preposition of the existence of 
lover linear proximate order* 

the theory of entire functions has also been enriched 
in May other ways, for example fey the study of Julia lines, 
Borel directions and exceptional values. Bare we have referred 
chiefly to those topics in which we have attempted to . invest!* 
gate further in this work, thus, in the present work, wo have 
studied the growth properties, of entire functions defined by - 



Taylor series. He haw also investigated} la greater detail, 
tbs growth properties of entire fractions represented by 
Diriehlet series* 

In Chapter 11, we introduce a new concept of tbs X -type 
of entire functions* VC also point to the fact that an entire 
function of perfectly regular growth, as understood so far, 
need not ho of regular growth* Further, ws show that ths 
lower type of an entire fraction of irregular growth is always 
aero, a fact which scons to haws remained unnoticed so far* 
Consequently, quite a few ftnom results involving the lower 
type t become at least partly redundant for entire fractions 
of irregular growth* 

In Chapter 111, we study the Borel transform of entire 
fractions of exponential typo and obtain a number of ro suits 
pertaining to the growths of an entire function and Its 
successive transforms* 

Chap tor IF is concerned with ths study of the order and 
the lower order of entire functions represented hy Diriehlet 
series* Delations connecting the order and lower order with 
ths coefficients and ths exponents have bora ob under 

weaker restrictions* 

In Chapter F, we extend the results of Chapter II to 
cover ths case of entire Diriehlet series* 

In Chapter IX, we introduce the concept of proximate 
type end of ^ "proximate type of entire functions represented 
by Diriehlet series rad establish their existence* 
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Chapter ¥11 deals with entire functions of 
exponential type represented by Dirichlet aeries. 

la Chapter ¥1X1, we study entire hiriehlot 
series ef slew growth sad obtain relations connecting the 
logarithmic order and logarithmic lower order with the 
coefficients and exponents of the Mrlehlet series* m 
also dsfiae logarithmic type and logarithmic lower typo 
sad growth numbers and obtain some relations among them* 
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CKAPtKB II 

MB-gE* AMO > - TZPE OF MUMS FACTIOUS 

s *i L«% f(*) * 2 J* be m entire 
function ©f order p and lower order *x # If N<r) 1» tfce 
maximum modulus of f<») for )a| * r» then, tg definition 


(t*l*i> 


P 


HlB 

r «» oo 


sup 

inf 


log log M(r) 

«— «" lU ill # 

log r 


Alee* type t end lower typo t of f(g) of order / 
(0 < P< «o ) are defined as 


(2*1*8) 


eep leg If (r) 

Ija ^ 

r «* ee inf y P 


f 

t 


at 
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Yalircn [s, p*4$] defines that an entire function 
ie of regular growth If Its order is equal to the lower 
order* 1*©*, if * f mlK and it is of perfectly regular 
growth If its type is equal to lower type* i»e** f"« t . 


In this Chap ter $ we first show that an entire 
function of zero type (which is obviously of perfectly 
regular growth according to the above definition) need not 
be of regular growth* further* by a simple argument* we 
show that the lower type of an entire function of irregular 
growth is always zero, a fact which seems to have remained 
unnoticed so far* Ibr such class of fractions for which 
0 < f f we introduce a new concept of "X -type and 
find it in terms of coefficients* finally a number of 
theorems relating the lower type and tbs “X -type have been 
obtained* 


2*2 1* &S£ f(s) * £ a & a 

f&aMmjtfLm&M. ? ( o lower order Ov 

f( 0< f <oe) . J£ ferns auon^deereaeing function 

of n for n > % § than 


wmm m 

g(a> * £ b a 
HP©' a 


<2.2.1) 
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log $(a) « o(n log a) 


and 




u« »t» !*>„! « im sup (♦to)) | a I V “ . 0 

•® l(») 1« am entire fuacticaa, 
low, 

| b n / Vl| “ |f>Cn*l) *to>]. ^ / Vl J . 

Since, fro. (S.S.1), ♦fen) / Oto) ft,*, « 
decreasing function of n f or n > ^ , therefore |b n 
t&ma a »on~d©©reasiiig feaetioa ©f a for a > a . t«t g(*> 
t® of order J° and lower order 'X, » dm, fcy [it, p*i04?] t 
aad[fi, p. 40 J 

Ha ** i, 

& ■* ®e 32 f a log a * , 


11 ® jSUltel a oo * 
a e» ©o a 


Since 



loglbj' 1 log f(o) logl.J- 1 

n log n * n log n a log n 

Making ns# of (2* 2*1} and then proceeding to limits, we get 

/; = P , >, = > in view of (2.3*2). 

Sine® f(s) is of typo f, therefor# for any g> 0, 
m can find a positive integer H 0 , such that 


-2. l a J < T + t for n > N 0 » M (6) 

’ * W - 


MOW, 


*P 


l\l * (#<n>) 


-P/a 




<<*♦£) 


-P/n 


Again | proceeding to Unit® and nu k in g ng# ©f 

P/n 

lim sup J h i » o 
a# « ej° “ 

and the proof of the theorea is complete* 


!*8»U* w# get 


* (i) Sinc#y in the above theorem, \ may not be eq ua l ! 
to p it is clear that g(s) i® an entire function of type aero, •! 
hut it is not of regular growth* fherefore, it seems desirable j 
to redef in® entire functions of perfectly regular growth as I 
following t • • ■ ! 



35 


* An entire fraction of regular growth 1» of perfectly 
regular growth If its type is equal to its logger type . » 

(ii) The following example Illustrates the above theorem. 

Jd9 "fe 

O 0 

fM * 2 — -- 

DPl B i B 2 


wh0r ® *1* X * let a i* 2 * a te*-i * fa*) (p> <1 integers > t) 
for k * •••«»} «• oo with k » 


let 

log \ « 8<n log n - n=Ho g M), «>0 
to * n k <n 4 (n k ) P 

^ * ®(n k >* for <“k) P <«,< n kn , k « 1,8,8, 


**“ n ' «a) 1» an entire function of order ~ 

order 1/1 ni type jfl.. 

p +q 


t lover 


g(s) * 



n*l 


g^Clogn)^ n 


< 0 < «« 1 ) 


Is an entire function of order (peq)/p« , lomr order 1/8 
anO type *ero. 


It cm be very easily seen that /a | m ® 
is a non-decreasing function of & . '■ 1 
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x»#% 


0(a) * 


logl ®^l 
a log a 


-1 


®((n^) p ) 


( S tn k ) P 

log fi ) /( (n k )*log(n k )*)'~— 0 
wm^x n K * 7 


and 


’I 

e<n '»i ) ~ < £ n „( ^ \ ' ta bi Xo * Vi> 


[”bi *<V P N v ) p 


g « 
g ♦ q 


(g ♦ q) »*** log fijj 

Ww til© asswaptioae on , It Is eaay to »«* that 



11a mp 0(a) * 0 

A «* ©0 


imi 

lia Inf ©(a) » 

g© 


a «*o» 

p*q 

therefore. 

f(s) If of order 

/> * 

order ^ * 

1/® * 


Ut 




V' (a) 


A 1 1 

./> i* n i 


f/a 
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T h en 

p 

tog^to^ 9 ) plogn k - ^,p ^ *°* \ 

1 

^ log — ♦ p log n fc * p p i log n^ 

%P * 

Bttt f • (p * q)/ pi . therefore. Urn ^ ((»*>*> • 0. 


Similarly 


log M + (P+<l5 log a k * mfmm £ 

®jO * - 


“leu 

“1*1 a= <v 


B»refo P . 


3t0g 



<p+q)l©ga k 



11® ^ (n 

k *• o® 



P » 


, x P +%+ 1 


Again tii® argument shows that p £ ^P*<r**l.( pn j j 

1. the superior lilt ot f to). Therefore f(,} ls 0 f type 
P « 

(p+q) e 1 ***** 1 

It is easily seen that g(z) satisfies the conditions 
of theorem l* proceeding on the same lines as shore, it can 
he verified that the order and lower order of g(s) remain the 
same as those of f< a ) iMle type beeves zero. 
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(ill) 41 ven an entire function f(s) * X t r of non- 

n*o n 

aero type, we can atones get an entire function of aero . 

< 8 * 

type simply lay multiplying the coefficients fegr 

(0< « < 1). the new entire function thus obtained 1ms the 

same order and lower order as the original function* the 

function @~ n * los , 0 < * < l , thus generates on entire 

function of zero type out of an entire function of non* aero 

type. 


a-3 a. of trn «ntlr» function 

of XuaalM* CTgvrth and of finite order. i. Han mw. 

t Let f(s) be an entire function of order f and lower 
order <0« X< f < o© ) # Then 

*** *&* tezJm ikL « > * 

r - OO log r 

Therefor® for any e> 0 and r > r Q « r 0 <f ) 

(3*3*1) logM(r)> 

and for a sequence of values of r - ©» 

(3*3*3) log M(r) < r^ 

Dividing (3*3*1) and (3*3*3) by r^ and than proceeding 'to 
limits, the t shows that 

<*•»•»> latJpsJ. -o 
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(Jg*) M| 

Corollary » m. «»> - * »- * >8 m “ftW flUMB 

a**©' 

of order p and l9WZL$?J§£. X (o^ >< f < m h &S&. 

hog K(r) logp(r) 

<2.3*4) Ui inf *— * IS® inf — * 0* 

r «* m r r -f-^oo v r 

and 


2 J (r) 

(8.9*9) li® inf — -* « 0 


oo 


p 


■ *- since for functions of fiait® order log it(r) 

logyO, <r)» (2.3.4) follows stones fro® (2.3.3). 

fnrtl*»r» it is known £e7 t p. 220 ] that c 4 ft 4 ft $ & 
where ■.■■■'■ 


sup 

IS® 

r «• @®laf 


^i(r) 

-P 


d 

c 


Bence (2*3.3) also follows in view of (2*3*3) . 


• Xht fact that 


log H(r> 

li® inf « o when o 4* <P< m 

r-* » *r 


opens the question of eoapariag the function log M(r) 
with the function r* when (©<1<P<®®) * 

Evidently, eince X <r p » 


log M(r) 

||, « SUp » >' »- 

Jp #§ ^ g*' ' 



yet lim inf 


log H(r) 



may still fee a finite constant. 

3T «* ©® y A 

ye shall refer to tills constant as the > -type of the entire 
function f(z) and denote it fey t* • thus, for an entire 
function f(a) of order f and lower order “X » such that 
© <X < p < &» f m define the "X -type t* fey 


( 2 . 3 . 6 ) 


log M(r) 

li* inf s tjn 

r m m* 


In the next section m start with an arbitrary 
constant y and prow® a general theorem froai which results 
pertaining to X - type and the lower type will follow Immediately. 

a#4 * ; fe&fc *<*> • tet.au sa&XEL 

tmmm* r <©« r < ®® ) aa^a&ij a&EE-m 


( 2 * 4 * 1 ) 

tht&v 


( 3 * 4 * 2 ) 


Us inf 
r «* « 


log K(r) 




t r 


t Y X Ha inf 
a <* ee 


n 

e y' 



•ay* o ^ tr ^ ee . 


** I^Vi 1 foiaas a nan-decreasing function 
of n for: n > % 3 then 




lis inf 
n «*# co 
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iim£ ** tet 


a Y /n 
11« inf j- |a n l 

II 0 & 


Soppo so first, 0< 9 < oa. 2h«a for any £>© , a>n 0 (£), 

Vn 

n|«^t > (e - e> © y 

% Cauchy* s inequality, M(r) > |a | ^ , aai so for n > a^, 


log M(r) logfs^l ♦ n log r 




y 


> 


£ a log r ♦ & log^ (0-e) ®yj 

- & log nj 


„ . # . Vy f (n+i) 

lot (a/v 9) ,< r < ] — ■ 

' t 


1 // 


Smd 


log r * - log <a/y©) ♦ o(l/a> 


and 


iS& jjM > log (3/y 0) ♦ log|(@-€)yej ♦ o<i) 


© log 


5 ? 

t • / 


Heaee V ^ ® » whioh otefioasly holds whin © * Q. ' If © » « 
tho argameafc shows that t y m ®»aad hence (3.4.2). ; ' 
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If (r) denotes tbs tern of tbs 

series for |s| * r, than 


leg/*(r) 

T y 



legist ♦ a lot f 


fw ivA^ $ p < t% 7 vi* * 

Suppose first, ty < «% ttea 


(a.4.4) lcg|%| ♦» log r ^ Ct K -€) r r 
for oil r > % 9 azul for all a such that 


IVi^l « * < i\ 


ut 


*« ■ 1*1 


v» 


<Hum* f Va» a > fi., 

ipwwPfl® t*®F ^WtiPp $*Pw 5 Pb* Sf » w 

log I > log a ♦ § I Cty «€> 9 * » leg r 


or 


i > & 




Ct «€) r 


y? 


a 


>“ 


y CV •€) r 


y 


^ « for m 3 ! x. Further, If 


l*-i /a n 1 * t*-a /a ta-il “ *•••’ K-**i / V«I •“« 
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if, a^ t m get frm (3.4*4) 

y/ n-p 

(a-p) |a fl ! ^ e / V 
ffe® re for®, 

a Vn 

(2*4.5) lia Inf _ k| ^ t-r 
a «* ee- «y n 

The argument about that if* t v * » 9 then 6 ** m tad 
h®n©@ (2*4*3) follows in view of (2.4.2) and (2.4.6), 

i 1 b® above proof 1 $ on the same lines as given 
tar i# H* $i®h ( 13* p* 46-46 ) for the lower type* i.e*, 
for Y% f> • The point that ©an he stressed here is 
that ewe ©an take any arbitrary number >^( 0 < v' < ®® ) M 
plate of P and still the results hold good* when 
v > X » tv * © and if r < > , then tv * ®® easily 
follow from ( 2 * 1 . 1 ). But, when y - t> ©an haws 
any value whleh we prove in . the next theorem. 

4. f , * (0<*<J><®°) * T and t, 

o < ( 1 1 > r 1 4 : (# ptf <«, 

®3£lata_an-mMr.e.: fuaetion iMeh has, .these val ues as order. 

toflauaetes tofcJBft * respectively. 


s let 


n 

w a 

*n»l ^l %. . . . 
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n i * a * n i»i - 


(n k ) 


fep 


J 


^ p Xy for M ^Xj©^©^ •* *€ 


i@t « i 


log %« \\ 


log ( C 1 t* S a)} 




for 


£ n < (n k ) 


P 


ap 4 


«* ^/p p 

log % * log ((off) (tt k ) jj 


for <n k ) $ n < n^ . 


It Is easy to see that with » (%%*««^) ' > 
Ja^ forms a non- decreasing fuactioa of a for 


a > n Q 

* a 0 (t> , T) . 

hot 

©(n) * 1 ° e ^ ^^1^ 

lOJK H 

fhoa, 

e( [n k P J - 1 ) ~ 1/x 

an© 

0<, W ~ 1/p 


From the assumptions on the eoeffloients it is 
easy to too that 

if . at sap §(&) « i/’x sud 11 a inf ©in) « l/p 

a jfatkt * Sttei StMkk, sOS&SI' 

*» oo a *• ®* 
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flwnfofi) f ( &) is an entire function. of order P 

and lower order X . 

let 

a ^/n 

(8.4,6) i' (a) * 1 s 


then 




^/V'C f% p ) - i ) ^ i©gCa M )' ♦ log i-r - - — rr - * z ^* e V**' 


P 

mmmummimmMmM# JJ ** 

n/J-l 0 * 1 


3# / jp v 

P log V- log i. - Ij-^TJJT^V ~ x y * 


* log^[a^ log eXt* ♦ o(l) 


mi 

logf(n M ) 


ftils* ) log Bj, ♦ 0(1) 


tflmg %♦ log 

we 


• / 


f *w 

?v 


-w 

u e» 


- 4. i og (« f n 

1 A 


“*1 

X/f 


* log f ♦ 0(1) . 

Hence it follow that f is the type of f(s). If la 
(8*4*6)y m replace f by X « ea get ’feat the X -type 
!■: equal to t^ * 

8*6* low* va are la position to prove the following 



0A ft 

6. L£fc f<*> * g ^ V 5 Ifr QflfriSft 
% I 4 ® for n > n 0 and X' (0< X < m ) 

— -v — ffaea 





( 2 . 6 . 1 ) 


Yty ^ Urn ittf Ja |% + 1 / a n f 


& «* 09 



log K(r) 

l 40 f " ■* " 

P <♦ o© f y 


Proof. Lot 

11a inf /%! * S * 

m wflp hd 


Lot first o < e < ®° * 

C t^t) a|^/^r> Ci-C) for n^ if 0 « I§ 0 <£) 

putting n * I* »♦!, .... a- ^ la (2.S.2) and multiplying 
all ttoa n * H inequalities ibas ©Malawi, we got 

» i ^-r> 

since nl ^ n a+l/2 e^afar for largo a , therefore, 
substituting this value for (b»I)I and than talcing nth 
root of both, sides, m get 

^|| 

(2.6.4) lla iaf J K1 ^ ®* 
a« m m 

I***, y ty ^ ® 1® view of (3.4.2) vhleh alao bolds • 



47 


wbm 0 ® G. If 0 « , the above argument shorn 

tti&t t y • «» * 

s For r = Z 5 , <3.5*1) was earlier obtained 
by 0. F. Jmeja [l9 f p. 6?] . 

sgasUm; * i*et f<z) ® 2^ ^ km faiaat 

StCJ5t£dS£. /> MjdJLSa^£JgS^££ * 
end a f* © for a > n ft . than 


<3.5.5) 


Us inf 

H e4P <K> 


“ H»l /a n I 


« 0 


Fro of t It is Isnoia that for v > \ , t^ - o. Btnee 
the result follows immediately from (3.4*3) and (3*5*4). 


' #© ft 

«* m *(*> 


aa& ^ <©< K < ** ) m^£MteaLaaSsi£» It l\/\ 4l i 

a tfifc a > n 0 . 


sup 

4 

a«*o© inf j 


Y 


(3*6.6) Urn nja^/^j l « lis 


sap -aj(r) 


r* ••JLnf' f / 


x>(t) is the rank of ti 
for |sj * r* 

I i*t 

lin top ^ (r)/ r 


f(s) 


y 


* «C , (0(4 < «). 
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Hum for £>o , r > r Q * r c (£) 

^J(») <(•<♦£) r v 

'and for a sequence of values of r -* oo • 

-a-> (r) > («* - €) r r . 

glace |a a /a^J forms a strictly increasing function of a 
for a > » 6 y therefore, (r) » n for n> K 0 and for 

i Vl /a n> < r * KV- 

Hence for a sequence of values of n - m 
<t.6*7) a A a J> (* • i) 

and 

v' k 

(2.5.8) a|a /• | <(*♦£) for all a> a 0 • » 0 (£, r 0 >. 

But • ■ 

y 1 / 

a f\ * otl * 

torefore (2*8.7) and (2.6.8) lead us to 
lim sup al^ /^| « ** * 

H «* 
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f 


It < m ©, the result is obvious. If *« * «® the above argument 
with an arbitrary large amber k in place of (* * £) gives 
tha t 

Y 

11m Mp n|a^ x /a^l * 00 . 

Similarly, ve ©an prove that 



1*6. m now compare the X -types of more than two entire 
functions • 

7 . i»t fjU) - £. SB4 *a<*> » CoV" 

hj-two ...entlre_fnaQtlcms of lower order X^(o< X,\< » ) 
god, X -Jama %, mi! : ■ • * X£ /e n ^| al 

l\ n £S£ n > n Q , 

then , 


Its) » E°° cl aP 
n»© “ 


o) 1 st ■ K 

(11) IS® sup m 11a sup “ 


+ 11m mp 




n -* m n LJ "log“n n «* ee n log a a «» m n log a 


tire ftmcfcloi^rfl^ X Mi X -Jagg. t. mA 
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MMa 




X 

'X^4 r X 1 


£mt «- sine® fej » \\ «ad /% W1 I «sd /*Wlt 

fore aoa-deereasiag functions of a for a > n^ » therefore, 

|c a /a^jj will also font a m©a-4ecr@asS»g function ©f a 
for a > n 0 . Banco la view of (li) and the foot that £l8,p.l047] 


no Bgtf 
(3.6.2) 


lia sap logfe | /(a log n) 

a «• ®® ** 


! / 


Rovt since f^a) and f g (s) ar* of *X -types t X| wad t> u , 
respectively, therefore, for any €> © » we can find positive 
integers M % * Bjtt)- and l g * * 8 (g) » sneh that 

- ^>/a 

(9»6«9) *n. 1%| > (t x , * 6) * > B^Ct) 

«x, “ 


and 

(2.6.4) 

low 


V 


n 

IV 


/u 


> <t>^ * E> ■ for a > %• 

2t 

^i+>i 


• > 


i««t 


>/ A /« 
/g m ( t. i *» 


SiT 


I V 


\ Obm J 


e>, (t>, - 6) 

a ' " 




e\ (t>yB ) 
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for n > b&x< 

(f.6.4). 


I,. » ■ 

1 * 2 


in view of (2*6*2), (2.6*3) and 


Proceeding to limit and making use of the faet that 

i* Va 

li® inf %% IC n l » t A , 
a -» oo 

*e got (2.6*1)* 

Remark (i) $ This resalt can be generalised for m entire 
functions* 


Remark (ii) $ When the functions f (*) and f a (s) are of 
regular growth then the above results hold good for lower 
types of f^C*), f 2 (*> and F(s)» 



* * ■* *X 






GUUJUUUk in 


wmsaLM 

EmmuMusm 

3*1 M» entire function is said to be of exponential 
type If it is of growth (Iff)* i*«* t of order fi £ 1 and, 
if P * If then type Is at the most equal to ?• Bore! 
first showed that 


(3*1*1) f(e) * 2°° a # 

QS 5 © ** 

is m entire fmoticu of order l and type <r * if 


1 f(s) * £* %(al ) s** 1 


(3,x.a) 
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If convergent for fz|> * L f(z), as usual* denotes 

the Borel transform of f(z). Ms apply the transfer* 

1 

nation s * l/*-, to (3.1.2) and denote “"I* f(l/*^) ty 

*1 

f^ (s^). thus* m get 


^0 . 
(8.1.3) Jj,/^) • 1^ » n (nl ) «! 


idler# f(s) and L f(a) both are In the same plan# Z idill# 
is in the new plane which we denote ty £ -plane* 

If the order of f(z) is less than 1, then we will show 
in this chapter that is also an entire function 

to the <jf*plane . this is generalized hy applying toe Borel 
transform and inversion repeatedly* thus, if ^ 

of order P, ( P ( < 1) , the application of Borel transform 
and the inversion s^ « l/zg yields* 

(3.1.4) h X^O/** ) - X^ ^(aD* 4 - %,,<«*>» 


which will he an entire function in Z-plane • Htpeattog the 
argument k times, we can write 




w 


ea 
» £ 
neo 


a (nl ) 
B • 


4 


Evidently, if k is an odd integer, the function 
will he to the emplane, while if, k is even it 



54 


niU be in til© &-pXaae. It tdll follow tiiat if 
is m entire function of order f k _, <1 in on© of the 
plane© then f^Ca^) 1® an entire function in the other 
plane# 

In till© chapter we obtain a number of result© 
pertaining to the growth© of f(z) and 

3.S 1# JX *<«> * 2* a / is no 

nm© » - 

p * J&ga % k C* k ) jg-m^eatire .function. 
Of f Ini te-ordar in one of the planes. If and only if, kf < 1# 

, * m hare 


logical ) k j X logfaj * 1 


n log n 


"n ’log n 


fc login) ) 
n log n 


Using Stirling*© formula for nl , l«e« v nl^ n 1 ** 3 ^? •* l Vfcr 

H,W£te |»i|# 


lOj 



•1 


n log n 


a log n 


k(a * 1/S) log n 
n log a 


• oil) 


a log n 


» k • oil) 
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Proceeding to limits and making use of (1.4,4), we get 


(3.2.1) 


logfa^fal )*J 


Ijm inf 
»<#.©© a log a 


k 

P 


Hence f^s^) is an entire function of finite order £ , 
if kf> < l. 

Conversely, let f (z) He of order /> , (&/< l), 
then fro® (1.4.4) 


n log n 

lira sup m f 

n «*► oo . **1 


logl^l 


leace, for any c > o , we can find a number 
that 


well 


a leg a 


legist 


-1 


< </>* e) 


for all a> x a (e) 


or, 


or, 


\\\ < 


a 


• m/(f*€) 


therefore. 


U ♦ Va k - (!/(/>*£) 
| (al ) a^| < a 


t. j/h 

lie j (a! ) •»{ * 0 

a«e 


ead he nce the the orem. 
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a. lai Hx) * 4Lo a n 2° be of ord.r f (■/< 1), 

■4-tot, ardar X and let p and "V flanata matatUt ly 
tin atdax wd tot ortar at > <* - 1 , 2 , 3 ,...., a). 

than 

(3-t.S) f k = ... t— , ( k = 1,8,3...., a) 

3£ (& » 1,2,3,.. . .m), 


MmM, n 


( 3 « 8 i 9 ) = — JZT^T * ^ * 1 , 8 , 3 , • ••»*) * 

t (9*8*3) follows froa (3.2.1). Farther, slue* 


1*^ / (nel) k j , ( It * 1,8,3,**.., *)| f®p*» 

decreasing function of a for n > n^, we get 

/ 


1 | .» p «p 

a -• ee 



a log a 


J__ 


a non- 


la flee of (1*4*8)* 

Using Stirling’s fonsala for nl m easily get 



1 

/-/cl 


1 * tMBL 8 * 1,8,3* ** <*,•* 
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Corollary t* It frjz > then t = o, an& * o £gr 
ic * 1,2,.,,...., a. t if. J&M 

f(s) t^ Agaato SteJamL . tot at 

froof s Corollary 1 is obvious front (3.2*2) and (3*2*3). 
to prow Corollary 2 m us® of the foot that an 
entire function of irregular growth is always of lower 
type sere* 

t* Lsi *(*> * 2°° a^s® M 

uko ** 

iljgte f (©<®/ J < i)t f . ihsa 

& 

(3*2*4) if t) ^ for t * 1,2,3,. a • 

fk 

p k wA>t* sx^LMAJstm 

Of %| * if... further. It. „l3„fi£..3ft.MB2>,. HiTfllli ^ t( y>®h 

> *mt *» 2M. I*,! /(wif 

ilM iBBfttifltt & for h > ■ %» then 

(3*2*3) (•>£>)* f or k * 1,2,3, ..,m, 

\ lit t Xk denote respectively the lower order sad 
«“ fcyoe of ^(s*) for. It. * 1*3,3, •*«., at* 

t l»et 

h ^ 

(9.8.6) f f») • A l^<Bl) I 
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flMQ. 


1 k fk 

log^to) * log ♦ log n * — * log (nf ) ♦ 


* log 


• jg e*T 


-I 


♦ -f* io « t* n i 

. j? 


Va 

^ log M\\ *moj 


sine® 


£ * fy fro* (3.2*2). 


low* proceeding to Halts we got 

’ 1 
f ^ » —jr t ft} ^ 


la wiew of flft» p*llj. If la place of p H f we take 
la ( 3 * 2 * 6 ) and tbon proceed oa the same llaes as above 
we got ( 3 . 8 . 6 ) to vlow of ( 2 * 4 * 3 )* 

i though the proofs of theorems 2 and 3 are 
straight forward their significance lies to the following 
applications i 

(1) the relations (3*2*2) and (3*2.5) are re 
relations* Bezus® knowing the order and type of any 
function out of the »►! functions we can find the order 
and type of any of the other n functions* the mm is 
true for the lower order and for the ^ -type. 
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l/p 1A, 

(U) ( Jj I* > r * and ( are invariant 

fojp it • X|i3f3f * » * * #f ffi# 

If |a^ /(n+ij® forms a non-decreasing 

function of a for a > n 0 , then 

(ill) f(s) is of regular growth* if and only if* 
^(i|) is of regular growth* 

(iv) f(s) is of perfectly regular growth* if and only 
if » I® ©f perfectly regular growth. 

Cv) If if <1 * than f(s) and fj^Cs*) each have an 
infinity' of saros in their respective planes for 
h • 1,2*3* • ••• •* »-i* 

(li) If one considers Co* p )* Cl, fj )*»**., C®> fim , ) e® 
point® In the ©artesian plane than they all lie m the 
curve 


For pzfz o one can easily see that the shove curve 
is a hyperbola. It ©an also he observed that smaller the 
order more will he the number of points falling m the 
curve, if p m i/m* one comet say whether % |R C%) 
will ho an entire function. But if it is an entire 
function then its order * which is the value of y 

at x • at, is infinite, far emmplo* if 
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f(s) * 2°° /V(nl )“* 
n*l 




then %.<%> * * *, 

a® 1 n y*! * 


* One esa check that fjr^SL) 

s » 

is hot ah entire function in any of the planes* On the 
other hand* if f(a) * z & n / (nl ) B (lcg n) B , then 

sO w% «ai 

^(s*) * /(!<>« n) is an entire function of 

infinite order in one of the planes* When f> l/m , 
them can never he an entire function for ■» 

It is obvious fra& the curve that ntwa x ^s, Idle values 
of y which coincides with orders of f^Ci^}******^^) 
at the points x * 1,2, cone out to he negative* 

But the crier can never he negative* Hence f^C*^) for 
fe » B can never he entire functions* 


j» 


*• m «*> * g. 0 


P CO< ■ f€ 1)» 

fi^fl a -MBi t>, • znen 

<8.8.7) /ft 

iflV* f 


Mv . JMBMHI JMftaysi 

x t torn f(f > o) 


f*-X W 

J 4 O . P 

^ > !e*l ^k 


Vi> i jHadtoaBMitei, 

n fox b>il , and t* > o« then 


(3*3*8) 
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( 4 #S*H) 




% tr 


* x < x k-i S.x> 


■X, 


•04 


( 4 * 4 * 31 ) I 


Xm. % 


z m X fr _, 

to*l 


fiMt * * Ml «r M*»r« fog lt«l, £«/>,*•*> , 

*o « ft t* 0 « t* aoA Jl A*,t k aaA *** 

3* 

i la theorem 3, if w® tab® the AumUoa 
ia place of f(s) with the ort#r £_, then (3.9.4) 
redness to 


(3*3*11} 


f k » 


T ( W 




Putting Um 1,3,*.*., m and than multiplying the a 
aquations thus obtained, m get 

1 


*A 


fift 




4 A 

( P tV ..JPn.'Tn-,) & w 






Making usa of the fact that £ = ■ , - , which Is the 

fk-l 

direet consequence of (3 *3.3}, no get (3.3*7}* 
Similarly, ve eaa obtain (3 *3*9}* 

Rotff under the hypothesis, it can easily be seen 

that 


£ = 


>k-i 


- 4 -, 


tm km i,t, ***,«, 
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o*. £ - ft., = f*_, & 

There fore, ^ - ^.j,) * %*.- f ” ^k-1 

which Is (3.2,8), 

Processing similarly and making ns® of th© fact that 

\m 2ito V 0 obtain (3,2. 10). 

3*3 low w® obtain relations between tbs maximum 

moduli of f(z) and f^Cz^) and also between their 

maximum terms and their ranks* We denote by M(r) th® 

maximum modulus of f<z) for |x{ * r, and by M(r, % ) 

k 

th® maximum modulus of \ i\h taking fz^l * fzj * r* 

k 

When k is oven we have s * z^ but when k is odd we have 

z • l/zjj* In the latter case, having chosen a value r 
for |s| we look for the point In th® ^plane such that 
|x k | * r* Corresponding to this point s^ the point In 
the 2*plane will have the modulus 2/r. Similar remarks 
apply also. for the terms and for their ranks in 

the following theorems* 

S* t&£ f(s) M-annntire ....fimctien.. . off order 

f(o* >. tt K 

tflgg » nan-d.ere.3lnr fnnetlon of n 2SE * > *o t£tHB> 

C > tf 

I . I 

hzfzl. , y-k> IlzL L 

w '~ k> ^ log M<*) ) < log Kr,^) < r ' kf ^ogK(r) J 


63 


SOL * > * 0 i€) » * 

Proof t It is tooi® £lQ* p.s] that 

awp log log M(r) 

lin - — « 

l«« Inf log r 


f 


Itainfori} for any €* > o» we ©a® find a potittvt mater 


r 0 (e * ) toot ttet 


> hi*/* p ♦ 1 7» 

(9*3.1) r < log K(r ) < r 

Similarly* for the integral function * 


-for -r>tce') 

we liar® 


»■'”** ^ < log M(rt% k ) < r ' ^ + £ * for r > r k <e k ) 

or» 

/°—£ P + t y — gf 

r '-** . r* 17 ** < log KCr, f tl| ) < r ' ^ *x' rnrp 

idler® f > (f k eft' /l- kp|* 

Making ns® of (3.3*1) in tli® a b&m inequality* m get 

i ■ r , l 

*Zfz3 / \ /-W P~ > ^i / \/-Ar/> 

r '-*> ( log »(r) J < log Mir.f^) < r ( ' kf (log M(r) J 
* > *0 te) ■ (*«' >• 'k< E k> ) 


and tone® tto ttoorem. 
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n 

f(s) * £ a s tea, an JRllJCl JDlSSMtSfl 

»*© “ 

al-ta cites ? (©$ »P< D» ImaLjaSMJL * s ^ <*»**» 

^ V ,v(r/*>) mi *> «,*£>> am* i—fua te 

Mft gaaka of> **>® ■axlanm terns, of, f(s), ml -&tlE 

Sth f ( »>U)aal u l^/Owif '^*1 

laau. . Itmtolftn-flC a fat » > » D > M» . Xat 

*wt e > ®» mJfem 


'X <* f-HI 
1 -kA 


r 


•r 


(1-kA )siog r J 




c 


to < 


* 


s log r 


t 

$*(*»•) 




/ 

'o 


< 


?~X4’ £ + 
l*kf 


1 

(Hf )slogr 


r + 

— — * to 



fog r > r # mff4 k« l)Mt**** ,# *i % 


#<r>8) * -^(r# f* a) ) * ^ <*» *> 
0 %.(r 9 s) * •*-> ^ C*t % k ) 


* t% is toona |*36f p*S7®J that 

r -t 

1 #(**8> 

lg* «— -» ■»■ " ■ " ■ — to * 

iaf a log * J x 


for © < r 0 < r * 
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therefore, proceeding on the ease lines as in tfceorea $ 
ee easily obtain tbs result* 

?. bsi f(z) * 2 % s be an entire fuactiim 

n*o “ 

figj&atg f(o^ » f < x)» imr-sgflti > i 

(a) (8 ) 

^Cr t f / ) m4 yu,<r»f^ ) flaasdaua mffttTt Mi, Mm. 

ia\ (s) 

f(*)» fj^ts*) » * U> £B& % k <*k>* 

m 

IX /(»♦!> a^jJ is A -POP^desreaSine function. .o.f n 


£U&>%«MiSLA e>«. 


l+b-p+E 

I -k> 


r 


/Hr.f t,) > 1 

^3/s(l-kA ) 

k < * ' 

| — 



L /****%?■ „ 


/+f-V£ 


1/tCb-k/ ) 


< r 


ThTp" i /^ r » f * s * 5 


/^(r*f) 


r > f e (6) and k « 1*2*3, *«*••$ 
t It is teoni [ 33 ] that 


l/s 


sup log * 

11b 

r«« inf 


r /Hr,f U> ) 


Log r 


p 

■x 


Again, proceeding on the sane lines as in theors* 8 ve get 
the result* 

Best ve prove the following s 

«o » 

8 * lit to m m&BLlMSUm ' 

n*o 

/> (o^/ ) < 1). If liJi 
1 * ™n 

• (%<r,s) - 8<r,s>) « %<r,s) ^r,s) 

far * > t #> 8<r,s) Mi %<*>*> 

^ ♦ 

i It is tern® j^38, p. 878*| that, if li*^0(r,e) 
exists, than 

Xin 8(r»s) • $p 

Since 0(r»s) in difference of tec integers, therefore, 
for every t > r@ , 


(3*3*3) 


£(r,e) * s/> 

iia 8 x (r,s) exists, ve have 

cIpCW 


Similarly, since 
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(3*3*4) 


/M r ,f> « la^, 





w * 


Similarly* 

(3.3.8) yu-d.fj,^ - l*, <rt ^) | r iJ<r,ft X > .( 1J (r,f L UI 

/*• (r,f) (u (r,f) >1 
Hanes from (3.3.4) and (3.3.8) , « g*t 

(3.3.6) ( nj(,,f))l $ /^(r.fj^) //*(»,« $ (^(r.fj^))! 

From (3*3*0) it follow* immediately that 

(3*9*?) ^<?*f) « ^ <*»% > 

i 

similarly* m am show that 

(9*9*9) ^ (t t %^) « ^ (r» % g >* 

Hence the result follows. 
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CHAP III IT 

naaa J&tt mwbb obdbh of b um maiciing; 

4.1 Consider ttm Mrlehlet aeries 
f(s) * X ^ ^ eatp (sA^ ) 
ebsre , 'X, ^ o » sn4 

l@f TV 

(4.1.1) 11a — * — * © 

H ®a* t3& Ay\s 

Let <t mi <£ fee the abscissa of eomrergenee mi tbs 
abscissa of absolute oeavergeao® of tte drietftet series. 
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If <>i « G*, m m t than f(s) la m entire fhnetlcn# lit 
f(«) be an entire function of Blth- order />[#!» p*7®] amt 
lower order * If MC ^ ) be the l.u.b. of ff 
(*ee < t < » )» then by definition, 


( 4 * 1 * 2 ) 


_P si® log log &( ^ ) 

» ljja . 

A CT" «m 03 

Inf 


Also# for f(a) to be of order f (0<f< m )» it is 
necessary 'and sufficient £s2» p* 78 J that 


( 4 * 1 * 3 ) 


f • lia sup 

n*m. m 


'X^logA.yv 

1 1 ,T " ,rl ->1 

i®g l\I 


She result corresponding to (4.1*3) does not hold always 
for the lower order ^ * In fact* it has been • shown £s3»p*97 
that If ^ ^ f than 

^nlOg^-Tv 

(4*1*4) > > lim inf — — ~ 

n «* ee -1 

login I 
n 

while, if leg|^ /ay.jJ yfX 7w .,-'X^)forns a non-decreasing 
function of n for a> n @ , then 


(4.1.3) 


'X < lin inf 


XvlOg Xyu 


s m m *1 

log ii^l 


June j a [: 


It, 



, proved the following results ' 
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A. Ji f(s) * a a »3tp(«X>v) li m&XM. 

tmsUm. atjaateg /> mAJjwzjxteL- ^ (o^ >4 ®® > iask 

fc'hat 

CD lia 'h-h ® &t 0 ‘C ll 

n 


(ID lag) a a /( 'X*t+/ - %v j ia. 


****** 


itioa of a far, a > a@ ? then * 




f _ 3 Up ( ^nt "Vjiog 

Vi 

In this ©hafter a® flag that the above result 
for order and lower order holds good under seat water 
©auditions than the condition. 



< 4 * 1 * 4 ? 


> 


laA 


inf 


leg| 


lia _ ' r ^ ,yL ' ^ » h» 0< h < oo • 

a -» e® 


m also study growth of mm than two entire functions* ' 


4 .® 


1* MI f(s) * S*L, a„ iw^Cs^ru) 


he an entir#.fm©M^L-0£-Q^l£ /> yti iglBBUHBto ^ Htt 

that 


<i> 




l©gX 


ruff 


■rv 
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(u> it 1 log * o< XviogX^), s Cliti 
p*i ■ r 

integer. 1 > a, then 


(4 .2*1) liffl laf 
a -* ®© 


(U,-V;io«X~ <x 4 f< llB <up 
to «*\ 'Vi* 


( W ^ V^)l© g ^ Tt/ 


im\% /a^l 


First i#ft prove a !*■»** 

i* bi&j slI ' ’ ■ 

I 14 1 

l\t < * £££ a >«©* aaai^t, j^ jfeau - 
lutti mmjtt MkLmatem ms& £&& 

(I) ^ y ^ ai a** w 

(II) log X-ru /~s/ lOgX^, gal 

(III) 2^ V log J * o( XlogX) £g-.g,«f„0at 8>3* 


(4.2.2) 


l f« Ini* 

a *» ®© 


(Xi+-i X) log !\ >v 

1o *K /( wii 


map ^loj X 

< Ujb 

N a *» ®e laf 


ru 


10,1^1 


$ 


^ Ha /mi 

&•* m l?f/ 


( Xw-r^ 1®8 >v 
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Eroof i Let 

sup log la. /a X I « 

lilt a y*__ « 

B •» 00 l&f C Atv^j ~/ry) log A>v P 

First suppose 0 < p, «t <®° . Then for given f > ©» v® ©an 
©boose a fixed 1 * H(€) sueh that 


{$ 


t) < 


logfa^ /a^jj 

-'X w) log 1 rv 


(«tg) for all a> I* 


«r» 

,{»-€>CWU.) , , . WKW^v) 

*W < Is^ /a kM>1 | < *yu 

for all n > I* 

Writing the above inequalities for a « 1* (9»1)»« «•»(&*!) 
multiplying the (n-H) inequalities time obtained# m 


a« 

p** ® P*» 


i *e • # 

(M) »g V 

0 : C X) ^ i iit »i wew» t * i erw () w i '' "C 

A.>V log ^>v 

_a-l 


< o(i) ♦ 

%L,l0g'Xru 


* (* *€) / (V'^^lV 


'^log* 


-rv 
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How* making ns® of the condition CD ant (U) ant then 
proceed tog to limits, we get 


(4.2.3) p « 


ijia inf* 

a «* ®o 


log^i 


1 -jm 

a -*■ «® 


2o«f\l 

>n, log 


loot if g * ©t or ot » os the result is obvious • iftan g * m 
then so is «* a «• ant the above procedure with m arbitrary 
largo amber * in place of (p ~ €) gives 

11® 
a «* e® 
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Farther, if < • ©, then s© Is p « © and it ©ay similarly 
h© show that 


Ua 

a«a 


logl%l 

^rulOg'A 


SB 0 




Hence the l«a. 

Btffiffit til .tttffim 1* Sine® log log . 

therefore, from ( 1*10 8) ami (1 *10*18), 


(4.8*4) 


JlB inf lQ ^^. m 

»*♦ «© ^wl©g>rv. 


1// $ l/'X ^ lim sap 

n->o 



Making use of (4*8*4) in (4*8*3), m get p ^ 3/p 4 ^X 4 ** 
and heme® the theorem is prosed. 


2. let f(s) ® iT x ^ «xp(s >0 M-afiu Ma 


f > • 2 JL A'x^-'Xn) 

» xat n > »© * IttBi 


(4*8.3) > 


< lia iaf 

N n-» e® 


(> M+ ,-^»i)l 0 i'X 


2#|| ^7v 


< *>vJJ#§! *>v /v n, 

< II m smp 

io *k ''•wit ' “* 00 5 3yy 


« F 


to prove this, we require the followliig lemma t 

a. lit* l ».] W - at sol sat «*»i« jwion 

K / W »*** •>+»[**}*. MjmsmmM- 
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WMXjSBitibQxs naeh that 

(i ) ^rv+i > , X ^ o , "Xyv — > £>o aa a -• °® ggni 

Ui) legj^ /*b + it for»g ,i iWBr^fW,iitei 

laasMan. at a la? a > %* aim. 


(4*8*6) 


li» inf 
ss «* o© 


*®ll%l 


^vtlOg ^>V 


Inf ^° 8l *a « 

a *• ®® 0'-H+, - >vv) log > 


*W 


^ lia sup 


II w 


A0; »l a a 

>v ) log ^iv 


< lim sup 
a *» m 


3ogl%l 

An. log 


, ■ ■ i 

Ut 

U, (a) s 

Ax*, — 

and 

^ *» /, w « 

a-* ©©inf cXrurK) ^8^ * P 
Suppose* first 0< «t < oo * ®*@» for mj € > ®* 


to *k /s tt+ii 

n — * ■— rcrr ■ > < * -e > 

( Ayv+i - Atv) A©g Aw 

for * of faStaM of a * %»%*•**.«*•» 

teailag to £af3xiltr» l*i« 
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(4.2*7) yj, <n) > log 

How, 

ll/Snl - U'S x M«h 1 / *ji 1 + j.I K-l'V 

Therefore* 

xogi^r 1 

log 


> 


cu-hjio* >^* e) 
" ">^3og 


fey (4.1.7) and the fast that //<n) Is a non-decreasing 
function of u * 

Taking X ♦ [WH] »*•«•* 


logj%i 

'^^"log'A'yv 


^Clog®^ ~i) •<<*€) JsgA^ 

\Xe®\ <log>*> ♦ llogl©*^) 


govi proceeding to Units* we get 


•1 


lia sup 
a *» e® 


A-»v lOgAiv 


> «c 


iMsti holds when * * 0. Hwft » 00 the above srgaaent 
witli an arbitrary large number in place of (*<-€) glee* 




lis gup 
ft **> ©© 


**<!%! 

Ivulog ^ >v 


# 


Similarly tt m loft hand side inequality in (4*8.6) e« 
bo pmwd * Hene® tbe lestaa. 


WtmLM. flMJftBttia 2. Siaee log!®** >^ilA 

fonts a non -deer easing function of n fo* n > n Q , therofor®, 
ftm (4*1.3) and (4.1.3) m have 


(4.3.8) 



• 11® inf 

G «* ©0 


log|%l 

^VL log^ >u 


$ li® sup 
Q •» OO 


•1 


Ivv It|^ 


m 

■VL- 



Sou making us® of (4.2*8) In (4.2.3), tbs theorem easily 
follow® * 

theorem 1 md tts»er@B 2 load us to tho following*; 

8. iak f(») • s*° sl «xp(s>»v> t® aa fftttat 
faa&tlaa at z 5 mMJywsz~m£m > • 21 

(t) lOg l-w lOg^-w+i 

(11) if 1 *^ V log (-^£) ** o( In/log^rv), l>f 
®«g V 


ynd 

(ill) log|% /%»|,I AJPBs&iaSSaito 

fanntion .of n fflfc ft > n©* jehSSl $ 


(4*2.3) 


H® 


sup (* 


fit «p •& SMlt 


n+, — 'X.v) log >n, 

2©lf% /%+ll 


/ 

1 
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■ * Sa theorem A t (4.3.9) has been proved wider the 

conditions (a) 11® (^rM* h, o< h« °° and (ili) of 

H*- CO 

theorem 3, while I prove it under the condition (i)»(ii) 
and till)* Here one can very easily see that (a) implies 
(i) and (li) while (i) and (li) do not imply <*>. this 
shows that (i) and <ii> together are falser condition* 
than (a). 

msltem&lm * het ^(s) • «p(» *«»• 

%(*> » JE^ a^ a exp(* >*,>v) he entire functions of 
linear regular growth and satisfy the ©cadi tinas of 
theorem 3. let log leg^*v - - leg'Xw . 

Shore exists a necessary and sufficient condition under 
which they are of the same finite order* fhe condition 


is 



log 

a l,n 

log 

•3*a 

(4.3.10) i 




®^ja*l 


% -vw-i ~ *&»vh ~~ 


o(lo( 1 w) 


as n tends to infinity* 

If ws slightly strengthen the condition (lit) .- 
of theorem 3, tiara th* condition (li) can he dropped • 
and we get the follotdngs 


4. I&l f(s) * 2^ x % exp (s !«/) jBBLiat^t 
tsmUm of <>»*•* -p lower -Jgflfflt * « 
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CD tag tag and 

(U) logl^a /a^j /( .ggll.?-.^„.femMlHK 

IttMttffll ff a £g£ a > n 0> then 


(4.8.11) 


llis c^r logx 

a ** ®» inf 


tagfa^ /^.jJ 
» iron (1.10.X7), we hare 

sup log >A, fo , ; ^ 

JnsJII «*mmm mmmmrnmmmrnmimmmm 88 

C r«* «® inf cr X 


f 

X 


irlser® ^v w Is such that Ja^ |exp(a "W )> |^|®xp(*-^) 

fOf a > *C^) and fexpO Ja^lexp X^; fa* 

B| |4 

therefore, for any f > o, ^ ^ ^ ff ), ** h^v© 

(4.2.12)(A-e} cr < lag >ww 

"- { -W '-b.il '< V. - >J •—« 

increasing sequence of a for a > n 0 , therefore, 


(4.3.10) 


~^n(a~) = for a > Oq and for 



Mating use of (4.0.10) la (4.3.10), «e get- 

*•« < <?«e> i*«|* / v* Ji i 



81 


tot all B > a@® a % f ce s <JB ) .JJence, 


(4.3.14) lla SM* s jo 

n^m legf^ /a ml f 

Siailarly, fee® the left hand Inequality of (4.8.13) 
«a<t from the fact that log ^ log>^ ; , wo boo* 


(4.8. IS) 


Ha inf 
» -*» s» 


(S^'n.+i ^ yv ) log 





farther, it can be very easily shows that atloast «* 
one aeqmeaoe tending to infinity 


( 4 * 1 * 1 #) 


C ^-n-H - r \v) log 7 "W 

lo *i*r> ^ll 


> (f- e> 


Similarly, 

( 4 . 8 . 1 ?) 


C^TU-l lOg 

< ■ a ♦ o * 

lo «K /a n+l' 


Ifeaoe, (4,8.11) follows in view of (4.8.14), (4.8,16), 

(4 .8*1®) and (4.8.1?)* 

i Bn hypothesis of theorem 8 sod 4 do not 
iapiy that f(s) is of linear regular growth* In fast, 
we hots the following t 

®* entire m f(sV iT : ft| 
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iSXJMab 

(i) log logins/ 

<ii) t" 1 \ log (^\i ) ® o( Xn.log^-n 5 
P*ft . “ 

(lil) log}a^ /^ +1 | /a>r +( ->w) ro^s a Boa-decreasing 

CttfifetoLJl « las. a > » 0 • so£ p> X . 

fXSBt * tot X, « 2# ^ +( « J fear k * 1,2,3, •*«• 

Let IF * 1, 

1 

log * n » #(>>, - V,) log ^ n. , 8 > 0 

for ^ ^ >>v <(A u ^) L ' 

sad 

log r ft * 8( ^n * ) log 

for Vl < ^>^ +( , sod km 1,2,3, • • 

amt 2.0 1 1 

f(s)»S* i — exp C 1 < h < OO . 

m m . 

1*2 •**» 

It cm fee easily ctestei feat f(«) satisfies ( 1 ) end (ii). 
Further, 

log p„ V 

'jt (ft) £ m $”Z'xZ , m 9 Arv 

or 8 log for | < </!«*) and c In. < ^ 1 Vi 

respeotively. Banes log| %/%*i j / is a hob- 



decreasing function of a. low, if 

t(^) . l 08 |a r. 

(■^n+t 'W )iog ^rt- 

fchen, 

«/® , 6 -C^n*) ^ ^ 

Wxm ttm assumptions ©a the coefficients, it cm be 
seen that 

lim sup ©c >n,) = 3 Md li!S iof 0( V ) » 9/3. 
tt Ml n 

Hue® i £(s) ia an entire function ©f order- 2/& and 
loner order 1/9 . 

4.9 m now derive relations between the order of 
two or acre entire functions* fhe results are given In 
the for® of theorem and corollaries with remark* in 
obtaining these results, we make we of the result (4.3.9)* 

i fgg * * 

fct& * X U> * g -x a^ a e*p(« gal 

%C®3 * Cl%a ® 3£ ^®*Vv > 

ft, £ and lower orders 9 X (0$ $ % $ «Mg(0£ ® 2 $ H 
^ap«atival*...and satisfy. _tJhtt_flflBflltims of-theoras 9, j&m 

f(»3 ®* ® l>v 3t (a) 

10g> (y rv— l«g>irv~10g >rv «& 
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/a^^l a l,n ^*1, n*l® *8 ,ii»i^ 


X 


'VU 4 -\ "“ A vu 


X. 


% 


, VWl 


X 


\ ,vv 


^ \ y^+\ ~ 'Xt 


w 


jaSLagaaEjaai / 

that 


8 «tach 


C4,3*i) o/p ) + u/f ) s a/p ) «u/«> {a/iu) ♦ a/t 8 ) 

wftereas , if la addition t o (a), 
iW lw) 

(b) lag 1$L 1 ~ 


Vi 


ita _ ; I An _ I (^,n4i*V wJ 1 

io«h“- | i®g|JWk | 

If** 1 %mt 


lg satisfied , then. 

(4*3*8) s <§ $ p 4 y^> * 

t la y1bv ©f (4*3,3), «© tea 


a ** OO laf ( Xrn+f ~ ^ i/n. ) 8 ^ t, n- %f 

therefor© , far say C > ©, and all a > • %(f > 

(4*3.3) ( ’/P -€/*> < < C2/3i ♦ t/3) 

lac 

Similarly far fg(s)» «© tea 
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(4.3.4) ( js -e/2) < 1 ° E,a S.a /a S.n*l 1 

I ~ ^ 2 r yv) 1®HS 'XlyYV 


< c 


i* i) 

*2 3 


for a ^M g • jfgCf) . 

fhe addition of (4,3.3) and (4.3.4) gives 


(Zp,+ Zp^ m £) < 


^ Xo »l«8y«l 1 aaxl 

^ log ^ ( ^!yn+, “^ 2 , rv 


for n ^ six. ( %*S2 ) * 


< u/$ 1 ♦ i/« 2 ♦ C) 


On pro deeding to limits and using (a) t ve t therefore* get 


Zp * Zp 4 lie inf 

' ** n ** «& 


lngiV%»il lilB gap kg ^VVlJ < 
c Xn+f log n ** o® i! ToT^ 


Or, 


N < 1/B X ♦ l/® a . 


Ill 

7, *1 * ?•? 



In order to prove (4.3.2) *e take the inequalities (4.3*3).- 
and (4.3*4) and multiply tbe», thus getting 


(1/p «g/2)(l// «€/2)< 

1 logA^lag 

< (l/S^/3) (l/« a +e/2) 
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for a ^ *ax.( i 1# :; g ) • 

©a proceeding to limit and aaletng as® of th® 
conditions (a) and (b), m get (4.3*3) in view of (4.2*9)* 
s it is evident from (4.3*1) and (4*3.2) that if 
fj(s) and f*(s) 'ire of linear regular growth then to is 
f(a) and either 



p * 

according as they satisfy th® conditions (4*3*1) or 
( 4 * 3 * 2 ). . 

g^arffi^aex* 21 * Ci S,» is?{i *^ s M*«i»%.#*) 

M » qnfclg® .fnnatlm..flf„ogdm f r mi low8y orders 
© t C®$ « t | e® ) (r «i,3,...,m) m&-M£kMa& Stag 

|30 

f(s) ** z . m. •spU**' ) 

11*1 M 


(i) l®g> ! />v'~ *®gX«, 


rv 


• log X log X 


(ii) 




(A 


M+t 


In,) 


r" log|a P;n /a p,n*l l 

i-i 


7 





K p*i 








a/« 

(4 #3 *6} (9^ Sg ♦ 4 * • %) <( 8 ^ f ^ 




The corollary follows as an la. mediate generalisation of 
theorem 6* 
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CHAPTER V 

HPE tan> -ITPKOF MXM mmchlet smies 

S.l Consider the Dtrieblet serins 

ft»J » ^ «aq? C* V ) 

idler® ^ o y s * (T ♦ it and 

(6.1.1) lia 3U»g a /\v » 0 

11 «* •& 

Let cfc mg Oi. be r©pp®cUv«2y the abscissa of 
convergence and abscissa ®f absolute convergence of f(s). 
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Itoz * * * f f(s) represents an entiro fuaetloa* 

% shall suppose throughout that (6.1*1) to Ids and 

<Tc_ *<£.««©. 

M(<t~) * l.u.fc. | f( <r 4-lt) I 
-«<t< 00 


mm f(s) is of finite Bitt- ardor /> , if and only if, 
[«. P- 78 ] 

(6.1.8) lid SU|> — n P 

n oo . ."1 


logl^l 


ufcoro 

( 6 . 1 . 3 ) 


y° * IS® sup 

<r*> m 


tog log M(tr ) 


If, (i) log e-w log ^>r+/ and (Si) logJ^L—j /c f \- n& ~'\y V ) 

a n»l 

ferns a lu&Hioeroasing function of a for n > a 0> 
tt*B [fiU P* «•] . 

^yvlOgXv 


( 6 * 1 . 4 ) 

wh«r® 

( 6 . 1 . 6 ) 


li» inf 
a -* oo 


A 




-1 


X « 11* Inf 


log log H(<r) 


mx functions of ©rdor /> (0</< *» ) , tfen typo f 
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and the lower type 2J as© gives 1w 

leg 15(0 # r\ t % ? /7<rv 

(5.1.6) * * Ha sup —~r~~ * li» mwSZL |aj 
tr*» 00 e u 



function of n for n> % . 

A& entire function is said to be of linear regular 
growth If P * ^ » i*«*t order la equal to the lower 
order mi of perfectly regular growth if t *~2j f i.e. t 
type is e^ual to lower type* 

la this chapter we extend the remits of chapter II 
to cover the ease of entire DirichLet series* thus we 
first show that an entire function of zero type* which is 
of' perfectly regular growth f need not he of regular growth* 
further 1 we show test lower type of an entire function of 
Irregular growth is always zero* for the class of functions 
for which o<>< f , m give' a new growth criterion and 
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define Av >t^pe noil find it in terms of coefficients* 

Ve cmoMe tte chapter by studying the relations momg 
the A * types ©f more than two functions* 

Q0 rv 

5.2 1. to f(s) * Z ml «*p(s An, ) 

&tm. f altoUBia^^ / 7 co</ 3 <«) > , towr orflax ^ 

and type T(0< f < ®° ). I£ » 

(1) logArv^ log "Xn-h t SBSL 
(ii) lo«|^ /Vli / C Aw^-%0 to»f 
fnncUon of n to » > »©» Wm 

$g0 r\ 

8(e) • X \ «*P<* ) 

a«l 

1,1 aa entire function of the ..«aft-flgd«r f $ toil. flttfliR A 

am tei «k» M. 

(S.2.D i*y *01^} \\\ t la asaatom* 

i® g 0( A-*,) » o( >>t log An, ) aai 

log IK^) 

XJLfi ^0 * 

ft* o® An, 


i Since 

l v. « ^^ vt ' 14 Ai <1 % 3/ An 

li* sup |ty * lilt sap IK An) 1^1 * o . 
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So g(e) is an entire function. 
Mow, 


i°sl a n+1 1 / C^n+r'^*') 



Since f from (5*2.1), log £ 6( An* )/6( Aw. )J j/ C X n .+, -An.,) forms 
a non-decreasing function of a for a > n 0 , therefore 

/ C*\ ru-r^rv) will be non-decreasing function ©f 

a > % * 

Let g(s) be of order y^ , and lower order S^, 
then from (5* 1*3) and (5*1.4) 


sup logfb | 

lid --UR 

A «• eo Inf An, log Aw. 


V#! 


But 

(5*2*3) 


auiliy* 1 

log An. 
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log SH, An-) 

An, log An- 


Aw log Aw 


Making us® of (5*3*1) in (5*2*3) and then proceeding 
to limits, we get 

(6*2.3) P, * P and S^ * A *• 

Since f(s) is of tsrp® f, therefore fro® (6.1.6), for 
soar 6 > ®* «6 dl n > 8 * 8(2 ), w® her® 



low* 




#1^1 




rv 


" ?t%n, ~x 

0CK) ■ ijflvi 


rv 


Again proceeding to Unite and making ms® of (5.2.1}, 
ii® get 

//*, 


«p 2s ib,. i 

n -» e® e/ 5 ** 




a 0 


and hsnoe the theorem. 

* in entire function of aero type need not be 

, . . . . 

m now prow the existence of suoh types of functions 
In. the following theorem. 

a. j>, (o<ft </><«*, f(o^f ^®°) , 

$ let 


m 

f(*> » a 
n*l 


.ns 


«# lift#* 


% 



Bj<t, n&x m I (»p * _J ( p intsgn > 1) for k » 1,3,3, 


let first) 0< T < 00 , and 


% * 1 


p p ♦ X 

log (n log a - n-1 log n-1) - -j logC ft» * ) 


for a^ < a ^ (n^) 


aad 

\ ■ 8 (n k ) P 

for <%) p < a 4C a^ » k * 1,2,3, ... • 

It can Is® seen that logl^/a^^j /<^n*r^*0 * logja^/a^^l 
fortts a aon-decr® as lag function ©fa* 


let 


9(a) • 


a log a 


»((n t ) p ) ( 1 ^ log 8_ ) /(GO* 

a*(n^> “ 


and- 


'~ w ' ^ ^k+l 108 

Wn * < a k> P ) *»* *(n k ) P 

*£►1 ' : "■" 
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/~~ (*(«*»! -<nn>^ PA lo* «*)/ tP P 

Bias* « Ftojj)^ j . 

From the assumptions on U is easy to see that 

Ha sup 8(n) « 1/^ 

H «» ^0 

and lis* inf 9(n) * %/f 

m <♦ ee 

therefore* Its) Is of order f and lower order > • 

Let 

Y'G*) - -a. |^| 

| 

J*« Hi**?) - Oogji- ♦ V log a* - ~y, X^f log ^ 

♦ logC ft m ) 

1®®*™ ♦ p log ~ Ldo g a^e log( f fe®l **) 

Since JL > 1 • therefore 

* 

Urn -f ( (r^) 1 *) . o. 
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Similarly 

log f <vi) ~ 108 "* - 4 Ccn k > p loi ** 


log «».♦_££ log n. * 
%p A K 




Vi 


♦ log (ft® 


PP/a ^ 



therefore 


lia y^C^wt) • f 

k«* oo ■** 


Again the argument shows that T is the superior limit 
of ^<n) . therefor® f(s) is of type f * 


^eWl : ft «<*) * Z 




11*1 


•n(<log n) -• ) 


o< a< 1 , 


where ^ are the same as defined ©hove. It ©an he 
easily seen that this is an entire function of order p » 
lower order A hut of type aero* 
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If we take 


00 X 

g(s) » £ 

n*d 


n ((leg n) a + s 
© 


) 


o< a< 1 


then the type of this entire function becomes infinite 
while the order end lower order remain the sane. 

Beaarfct. ■ He ©an say tost e" f o<e<l is 

the generator of entire functions of aero type. Siren 
any function of non- zero type w® can atone® get entire 
functions of zero type by simply multiplying the coeffi- 
cients by this generator In the above fashion. This does 
not affect the order and lower order of f(s). 
llext, we prove the following i 

f<s) * £ a exp(s ) be ,.afi. entire 

n»l ® 


(fi«2»9) 


~f> 2&MX, Qgflc* a (o <\<P<mU 


lim Inf 
<r «* e» 


log K<0 


e 


per 


Urn inf 

0“~©# Ml 





m 0 


i*-® **- an...entire fiirmtion _of irreenlnr growth is always 

aJLtoeuLJtoB jam* 

I fro® CS.i.B), 

log leg KC<r } 


Urn |gf 
(T«* 00 


cr 
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therefore, for any £ >o, a- > ^, * ^ {£)» 
(5.2.4) log M ( cr ) > e (A * €)<r ’ 

and for a seined ce of values of 0 - *• °® 


(5.8.5) log M( cr ) < * €>a ~ 

per 

Dividing (5.2.4) and (5.2.5) fey e ' and than proceeding 
to lialt y tiie argument shows that 


log M(<r ) 

lleft Inf —— » 0 

tr<* OO ^ 

Since log H(cr ) log ^( o-) for functions of finite 

order t therefore, (5.8.3) follows. 

00 

* M& *(») * 2 jb1 \ ««P <» ) he. an ...entire 

p A «*■* < <°°)> 

n(0 ths jaafcjrfL 

Re(s) * cr • than 

(5.2.3) Ua inf ^K( r) / % pcr « o 

ere# 00 

$ It Is known [suT) that 


(3.2.7 ) 
inhere 


c ^ p^< ft 4 d 


sop log M(o-) 
lie — — 

<r oo inf ■ © 


po~ 


t 

•2L) 
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sap •x p A 

« 3iffl %(cr ) / * 

<r m inf e 


Since * o fro® (6.2. 3), (5.2.6) follows fro» (5.2.7). 

4. Uti f(s) • 2 «_ oxp(s A^ > 3a an entire 

n*l u 

ftmatten of qrtitftr p .and JaiaauBCdig. > (&.$*< f< m )$ 

i<r >f <s) ) JuuauutL m. i&ELai f<*> 

f (f) u> , ifeia f Cp) (s) &L3&fcjtSfe datlaa JtoLJfc 

f(s). then 


(6.2.8) 


11® inf 
cr-# ee 




c r 








• o 


i 

(6.2.9) 


It is toom 



P* 



that 


Ujb inf 
^ *# w 


log 


^ ' ivr 



Therefore, proceeding on the lines of the previous tfceorea, 
m get (5.2.8) • 


6.3 m entire function is said to he of irregular growth 
if p 4 ^ • In such a ease we can define A -type, say t^ , 


CU. . 

Of 

(5.3.1) lia inf 

XT'ep @0 


log M(<r ) 



for o < > <®e . 


Xt can be easily sees* that 


(6*3*53) 


log M( cr ) 

11m sup — o oo 

a +& ©0 T'Cr 


Since for eat ire function® of finite order , for which 
(6«l«l) is satisfied, log M(cr ) log^( <r ), M( & ) 
can be replaced by/x ( cr ) in (6.3*1) and (6.3.8). 

Here m find > -type in term® of the coefficients. 

CO 

6 » IM £(»> * 2 a »xp (a ^ 

n«l a 

y (o <y<™) 


logM(c-) 

lim inf « ty 

cr h» oo A rcr 


IX * 


K'+l 


'Xn than 


a Y h, 

(6*3*3) V ^ li» inf — & | a | 

n *» oo • r 11 


H 


IX lo «l®i ri /\+ X \ WMJUmt 

n £»fc » > % * &&& 


~ V A 

(6*3*4) V * lira inf X£. |a | 

n *♦ <w « r n 


>v 


Proof i Let 


lim inf 




i t^ tv 

I » 
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Suppose first o< a < °® • Then for any 6 > O, n >*»!{€) 


r A 

^wi a | A ~> (a 

n 


6) e r 


ye know that 


H(0 ^ |aj e 


>«/ O' 


for all «"> 0 * 


Therefore 


*»« *(0 > *”gl «nl 

• ^ " a rr 




♦ /'vu 


1«9« j 


log mo > i 


Tk u~ 


ycr 




r*~\ 


♦ ^ log | (a-C) e yj 


- is log >rv 


Let 


^ i/ V g~ / ^ f \ 

< **/ / n) $ • < ( y 


^ ru-f I 


'/r 


jo. tm. 

ram 

log K(Q 

r<r 


a k 


^rv+-| 


v" 


* 

log ^ log ( (a*e ) ok) eo(l) 


(a-€) 


a lOg ^ mmmmmmm # O 


) • 


slnoo > rv ^ ' yv --+- \ # Senoe t K ^ a ehioh obviously 

holds when a » 0* If a * ®® the ahoee argument with ' an 



102 


arbitrary large amber k la place of(d - 6) gives ty * ®° 
ffid hence <5.3.3). 

If /Me r ) denotes the maximum ter® of the series 
for %<#) * <r , then. 


log /MO 


e 





log |aj ♦ 


for 


logfa^j /^l /(V)k-,) s < < logja^ /a^jJ /(W^) 


Suppose first ty < m , then 


(fi«3*d) log) a^( o ^ <ty- ** C) • 


for all <r'><r 0 and for all a sueh that 


Y<f- 


*®f! Vl /a n^ 


^-w — / 


Let 


*v» 


< c7~ < 

V 


rv 


then for n > n^> 


log X > Leg)rv * 


T 


Tx-+- 1 — * yv- 


_y 




rv 


tr 


W? ) >-Ct r -e> V e(t r -C)e rcr >- 

X > •***» exp > " • r> 


Kcr 


1 rv 


nr 




n. 
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sine* exp x > e % tm all x . Further! if 


(n) * log|a a /» n+1 | 4 ) w+ tV) * ^(u- !)*••.** ^(n-a) 
and if 1 ^ p m, n - a> nj_ , we get from (5.3.5) 


therefore 


(5.3*5) 


ISm Inf 
a m m 



V 


vhieh on the same argument shows that if t K » the® 
a » ®&* Hence (5.3*4) felloes in view of (5*3*3) and 
(5.3.6). 

If we tales y * 1 t we get the result 

t- « 34* inf la 1 ^ 

m**ee “ 

as the special ease of (3*3*4) . 

: In the following theorem we show that there exists 
entire functions for which t> is non* aero and finite* 

3* P } 1 (©< 1 < P < 00 )| t and such 

itoi (o< u t* r 1 * //B < ®» >, 

entire function which ..has these Jttlaat as_orto* l^rer. -Order. 

sad. > • SmumsmMS&SL* 
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Proof i Let 


f(s) 


o© 

Z 

n*l 




n l * 2 * * 



, p integer > 1* for te»X» 2»3 


* 1 

log - A- log ( (U, f 1 *) 

a^ < a ^ <a k ) P 

Leg ^ » -y log ( imp f) //C ) 

m 

for (&|) <a 4 and for k * l»8»3t #*•♦ * 

proceeding oa Warn lines of theorem 3» w® eaa easily see 
that f(e) is an entire Amotion of order p, lower order 
> f type f and ■'X * type t* # 

/ 

3*4 Xn the following theorem w® oospore the -types 
of more ttm two entire functions. 

?. fcg* fjU) « ®xp< \vs) JM 

f 9 C«) 111 \ ml \ ®xpCs V } he two entire fimotl^s^af 
lower order 8^, 8 g (©< 00 ) Mi 8^-type tg^ JQ& 

%g IfffBftlllBdX* 2£ 


Let 

for 
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How, since f^Cs) and f 2 (s) are of 8 type t$ and 
8 g *typ® % g respectively, therefore fcy (6.3*4), for any 
6 > 0 and H x * H x (€) and % * Ig(e> <%^ 2 » ar ® 3jat ®«® 3fs ^ 
wa have 

(6*4.3) fa J §l/>r ^ ^ (% -€) for 

e ^ a 1 

and 

(6.4.4) . — |\| d8/ ^ ^ (% f -€) *or n^» 3 . 

e 8g 


low, 


> 


rv 


. JV t v «^ > n Vi^'^2 

• ^ V 9\n, / 


a <r 


®8«|(^ 2 HB) + 


7* 


>v 


f or » ^ asa ( » lt fg) 


Mow, proceeding to limits and making ns# of the (6.3*4) 


JL»©# t 


«} “ 


11m inf 
n *• ®a 



we get the resnlt. 
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fiJULEJULl n 



U* f(i)i |f a &■ * it) be an enttss function 
defined bgr a Dirlohlet senes. 

(6.1.1) x „ % « > <\<\< <K I «® 

*ta#3»t®XF ©oair©j?g©nt far all a. let 

M(^) • IrfUfc. it) | 

•M( $ < W 
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the linear order f and the loner linear order ^ (also 
sailed order and loner order) of f (s) are defined 
£ BlfP*T?J | £5$* p* S@j as 


(Hit) 


/> 

1 


sup 

li « 

cr.ife» inf 


log log M(cr ) 


cr~ 


while the linear type f and the loner linear type^-> 
(also sailed type and loner type) are given by 


(6.1.8)' 


“ 2 J 


sop log H( 1 ) 

* u» — r, — »«</’<* 

-» ee inf -■ ' 


If * mp, f(a) la said to he of regular growth* It is 


said to he of perfectly regular growth if f * aj • 
Proximate linear order for f(s) have been defined by 


Sunyer 1 Balaguer [$$ 9 p* 28 J * Aapeitia has obtained ' 

following propositions of •*«*«»• of 
linear proximate order B( <r) and linear lower proximate . 


order 7V) * 

(A) If ©< f< e® 9 then for any given number a(o< a< m ), 
there exists a positive continuous function »( cr ) gush 
that (1) the derivative »‘( cr ) and M 9 K O exist everywhere 
hut for isolated points where B*^* o) and B ,, ( cr * o) 
exists (11.) lim irl'(cr) * lim <r- b* 1 ( <r ) * o 

cr of* 00 CTo* W 


(ill) Ihi »C cr > * / (It) Ha SUP l®g M{<r )/nep(crB(<r ))*a 

0~ *# 00 (T o# 
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(B) If #< ^ < » , then for any given number b(©<b< 
there exists a continuous positive function T Co-) satisfying 
conditions (i) and (ii) of part (A) and eueh that (ill)* 

t 

Tor) m > and (iv)» 11® inf leg H< 0/exp(-7^J*b 
o-«* m 0- m 

In the present chapter, v® start by defining the proximate 
type, which takes into account the type of f(s) and is 
closely linked with U (<r)* He ala© prove its existence 
for every entire function of non-zero finite type* this 
idea is further extended by defining the ^ -proximate type 
and establishing its existence • In the end, we show that 
log <1!( )/a) / e^°~ is a proximate type for a class of 

entire functions* 

6*2# t A function t(°~ ) is said to be a proximate 

type for an entire function fC«) • \ ^ •* order 

? (e« ? < m > and type ?<©« T<®»), if for given a(o<a« *t f 
T( tr) satisfies the fo l l ow i n g properties s 

(6*2*1) f(o“ ) is real, continuous and piecewise differen- 
tiable for <r 

(6*2*2) f (O f as ^ m 

(6*2*2) * o as idlers T*(<^> ts either 

the right or the left hand derivative at points where they 

are different* 
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11* sup 
<r m 


M(^) 

— -_,■■■ - - - - ■■ SI g 

exp ( e^TluT) 


prove the existence of T( O we require a lemma. 

y<r 

1* exp( e • T( cr ) 5 is ..^1 jagEt&liM flag&fll gC o- 

for cr >cr e 

Proof t H have 



? <r 


f cr 


* <e T*(<r) ♦ f>% T( <r ) 


«2cp(® -f(cr) ) 


lAdeh is always positive for ^ in view of (6*2.1), (6*2*8) 
and (6.2.2)* lance the lemma* 


Ba~®m£2, 1 attre. function fCs) oforder P(o< P<°°) 
T( o< T < ®° ), there.. exiats_m. proximate .. type *<«r) 


satisfying the conditions (6.2.1) (6.8.4). 

K: ■ . o -pcr 

I hot for a(«MC aC ®° ) t a( cr )• e log(H(cr)/a). 

then hy the fact that 


lim su] 

cr*» 


log M( er ) 

'~pcr 



m have 


lim s% S( a - ) * f 

(T“ m 


Ill 


How two cases aria®* (i) S(^ ) > T for a sequence 

of values of o- tending to Infinity or (ii) SCO 4 f 
for all large cr * 

In ease (1) let q( o~) be defined as Q( °~) * max 8(x) 
Since S(x) Is continuous, lit sup s(x) * f and S(x)> f 

jr «+- 0$ 

for a sequence of values of x tending to infinity, so 
Q( O exists, is a non-increasing function of a- and 


(6.S.6) lie q<0 « f 

<r~*m €0 

Let <77 be a master such that <77 > e mid QC°r ) » S(<T) 
Such values will exist for a sequence of values of 
tending to infinity* low, suppose T(0 « Q(°7) and let 

he the smallest integer not less than 1*^7 such that 
Q<°7 ) > QCu^) and let f<cr ) » x(cr) » QC^) for <^< u^ 
Define v^ as follows 1 

\> m l 

t <cr ) m f<07 ) - log ♦ log Wj fOT U^ ^ O \ 
t i<r) • Q(cr } for V- » V^ 

hat *Co~) > 9(0 for ^ < «i 

Let 01 he the smallest value of <r for which 01 ^v^ and 
QCO * SCO. If o~2.> them* let fC^ ) » SCO for 
v^ ^ O ^ * Since 9(0 i» constant for v^cr^ a, ^ 
therefore f( <r) is constant for ¥^<r$ 0-^ m repeat 
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Ite argument and obtain that f( tr ) is ecaitinnons and 
differentiable in adjacent internals fop <r><77 and so 
satisfies Further, 

f*( O « o or ( - 1/cr ) 


which gives 

lia T*( <r ) • o 

(T «*► OB 

Again, 

( 6 * 2 * 6 ) t(<r ) $: 2 (cr) ^ 6(0 

for all cr > <^- , so that 


(6.2.7) 11a inf f(cr ) ^ f 

cr «# ee 

in view of ( 6 * 2 * 6 )* Bat 7(0 « s( «") fear an infinity 

of values of <r - cr l ,oi ) and 1(0 Is 

JNNMNi 

(6*2*6) lia gap f(<r) « 1 


In the light of (6*2*7) and (6*2*6) on* ean easily conclude 
that 11a 1(0 * f * fiance 1(0 also satisfies (6*2*2)* 

<T *f» Ml 

farther, since 

po~ per 

11(0 * a exp( e 8(0 ) « a ezp( e *f( <r ) ) 
For an ty of <r * therefore, 
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lift sap 

<r <* e® e3£p{ © 


*(Q 

* f <0 ) 


* a 


Cass (ii) • Lot SCO ^ T for largo o- * there 
are again two possibilities. 

(1) S< cr-) a f for atleast a sequence of values of ex- 
tending to Infinity* 

(3) S< cr-) < f for all largo values of o- • 

In case of (1), we take 1(0 • t for all values of o- 
In ease (3), lot P^jm max S(x) liwre X> • 1® such 
that S(x) < f for all x ^ X* Since /V; t chosen in this 
way, is non-decreasing, hence 


Ida p (o~) * t • 

©0 

falsing a smi table Value 07 > X t 1st ms suppose 

t(c 7 ) * f 

f(<r) * f + log a- • log C77 for <r < 07 

where s x < 07 is such that P (s^ • fts^)* If P (s^) * SCs^), 
then we take ?(<r) * PfO up to the nearest point tj< 3 ^ 
at which P (t x > ■ SU^)* Such values will exist for a 
sequence of values of cr tending to infinity* K^) is 
then constant for tj 4 <r $ * If P (s x ) » S(s^) f than 

t| * * Let cr z (><r,) suitably large and f ( 07 ) • f , 
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T { <r) • t ♦ log cr- - log for Sg £ ^ °Z 

where s 2 « ) is such that P (s g ) * T(sg). If P («g)>* 

then 1st T(cr ) « P (^~) for tg^^ «g where tg(tg<sg) is 
tlis point nearest to Sg at which ^ (tg) * $(tg) * If 
^(ig) • S(sg) then t 2 * sg . 

Bar ^ < t 2 , let 

T( O » t(tg) - log +. log t g for J^^cr^tg 

where x^(x^< tg) Is th® point of intersection of 1 * t 
with 1 • f(tg) ♦ leg tg - logo- * let t<°-> * f for 
^ ^o-< * It if always possible to choose <r^ so large 

that tr, < * . 

Ws repeat the procedure and note that f(<r ) is continuous 
and differentiable in adjacent intervals for <r > t^. Also 

t # (0 * o or Cl /<r ) or <~l/cr ) 

Bence t we hate 

lin I'((r ) ■» o 

or -* W 

farther* 

f(o- ) ^ P(<r) ^ s(cr) for all end fC^ > * SC 

for o" * tj^p tg* *** * Beene 
(6.2.9) H» fi<r) « f and 

<7~ ** W , 
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< 6 . 8 . 10 ) 


li® sup 

0- «# eo 


M(cr) 

©xp ( e po_ f ( ■o- ) ^ 


* a 


Bui© in each ©as© f( <r ) satisfies (6.3.1) through 
(6«2«4)« So It is a proximate %p® for the entire 
function f(s). 

@•3* yfe have shown In Chapter 6 that if f(s) is an 

entire function of order j° (o< f < ®° >* lower orderX and if 
X then the lower type u of f(s) must necessarily he 
aero# therefore » the ease ©f x> jtf © arises only for 
functions of regular growth# .In such cases we can similarly 
define lower proximate type# But* to he sore general* let 
©< X $ p < «® and define 

log U(cr ) 

(6.3*1) % x * Hu Inf — 

A <r *» ®e ^ <r 

Us call t x to he the X -type of the entire function 
f(s)« If X * p then t x is the seme as the lower type 
there exist, entire functions for which t A is non- aero and 
finite# For such entire functions* we define X -proximate 
type as following t 

Definition: a function t x (<r ) is said to he a X - 

proximate type of an satire function f(s) « ^ e*^ 

of order f lower order > {o<^f< m 5 and X -type t x (o«t x 
if i fer glean a(o<a^° CO satisfies the following 
properties# 
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(6*3*2) t A (o~) ia real continuous and piecewise differen- 
tiable for cr > r 0 * 

/ / 

(6*3*3) lin %. (<r) m o 9 where t-* (cr) is either 

O- •* OO A 

the right hand derivative or the left hand derivative at 
the points where they axe different* 

(6*3*4) lin tj. (cr-) * t A 

cr** e® ^ 

M(cr ) 

(6*3*6) li® inf a a 

°° / \<r , \ 

exp / e t A ( <r ) J 

2* f<s) f t 

X (o<A^f< °» ) and i - tviHf t A (o<t A < 00 )» 

Jttngg-jalafea. i A .nBwatoaiaUteBi. t* (<r> 

(6*3.2) (6*3*6) . 

the above theorem can be proved in the sane wear at 

m/ 

theorem I for the case of f ( cr ) and so we oojit the proof • 

6*4. Mm m construct a proximate type for a class 

of entire functions* It is well Known that 


(6*4*1) 


log M(tr ) * log H(<£ ) 


•/ 

<r 

o 


V(x) dx. 


where lf(r) Is a positive indefinitely increasing function 
of o- * differentiating (6,4. i), we get 
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(e.4.a) m'( a- )/ m(t) « w(») 

wiser# H*( t )* which exists for almost aH values of o> cr 
denotes the derivative of Jt(<r)* 
first m® shall prove a lemsa* 

a. if 

®Hp ocr * 

(0*4*3) li® W(cr ) / » for o<P<*» , 

m inf p 

then 

log M( o- ) log n( °~) 

(6.4*4) fl N < f lim inf — $ ?11® sup «JL-JL*' n < «. 

o"-* ®® a o--^oo # 

/■ / 

i For may 6 > o and > <c ^ * ^ (e> . 

(6.4.6) (6 •€) < tK<r)/* p,r <{**e) 

follows from (0*4*3)* implication of (0*4*3) In (6*4*0) 
lives 

P P XT 

(P -e) e < M»(^)/H(^ ) < («t e t) • 
Integrating It feeteeen the suitable limits, and than 

par 

proceeding to limits after dividing bp e me obtain 
(0*4*4)* 
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lie ay® now In position to prove the following* 

3. Mi f(s) b© an., enti re function of ordtE 

P <o< p< “ ) ana typa T(o< T < "I . JX 

_ £>£r~ m \ 

» £UUUBBL a<o< a< °® ), e .log(a M(<r>) 

f(s)» stem tKO 

MJBismJa <«•*•!)• 

Proof s Let 

-/><r 

(6.4*6) f(o-) » © log(sT* K(®-> > 

sine® log K(<r) is a real } continuous increasing fsnetioa 
of <r which is differentiable la adjacent intervals. It 

- P r 

follows that ?( a - ) satisfies (6*2.1)* Sine® ll nj* it®") 

exists by the hypothesis » (6.4.4) shows that li^, log H(^l 

® ^ 

also exists md so f(^) fas^-»». Former, 

f( o") is piecewise diff ereati able and it has right hanA 
and left hand derivatives where Vmj are different. Hence 

per pc r 

f»(cr) o *Pt(<r) ® » M*(^) / *t°") 


or 


UK f*(<r) 

OT-^tO 


If fH 

<3* e» ^ 


^ lift i 
(F ®# W 


H»(<r) 

w^i * fT 

W( > ) 


* f K"' ) 


V r 


- /’W'T H * * 



Ttos JC } satisfies tbs condition (6.2*3) and also 


li» SUB 
€P 


M( °~ ) 


p o~ 

exp( e T(°~) ) 


a 


follows from (6*4.6). Hence the theorem is established 
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?.x Xst f(s) * ^ «p(s Xrv ) be s» 

tallv* fOnetieti of Rltt order p and type f* 1% 1® 
said to be of exponential type, If it is of growth 
( 1 , f) t i.e* t the order does not exceed 1 sad tbe 
type dees not exceed f (f < if of seder 1* toWt| 
exp (s X*, )» <n *■ lfMi***** ) **** 

tbe series and differentiating it with respect to s 9 
JjXyvj tines* where [xj] is the greatest integer In ^ 
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net greater thm^rv , we get 

those values of few? which the greatest Integer is 
aero, we do not differentiate. fMs process of 
differentiation thus fields 


( 7 . 1 . 1 ) 


m n .LS'nsj 

£ a ( * 7 v) exp (® > 

n«l * 


f x (s)» say. 


m first show that tMs type of differentiation 
which leaves (7.1.1) as m entire function, is possible 
only when f « I* this @s» further be generalised by 
applying the differentiating process repeatedly* thus* 
if fj(s) be of order jf < 1 the differentiation 
process yields. 

oe 

(7*1.2) .. ( %>) - exp(s /n, ) » f 2 (s)»say 

which is an entire function if P < 1/8 • ispeating 

the argument & times, us can wits 

ee At £1 *<J n 

Cr.1.8) f k (s) • eap(s^) 


In ms Chapter, we first show that f k (s) is 
m entire function of finite order, if k / < 1* 
Farthert we derive relations between orders, -types, 
'smiiwif terms etc. of f(s) snd f k (s) * The results 
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are given la the fora of theorems and their corollaries 
with remarks . 


7.2 


1. IX fCs) • 2 eaq?< sAn,) IJUS. 

co 

entire func tion of order p » thga. f^U) * «xp(**~) 


la an _«ntl«LJtoDciifitt-ftf , f tolls. -fflflifa If m I JBlgJUU 


(7.2.1) k/ 3 < 1 . 

i We have 


to «l\, ( 




log 


iog|fl^{ u[^] log 'Ku 

'1U log Aw log Arv 


low pr 


(7.2.2) 


g to limit* we get 

l@g|sL|( ^rt )^ ^ I 

Ujb inf 7L . 

H •• O® A-n- log A>v 


_L 

/> 


- fc 


gn view of (1.10.8). S®mee f k (») is » entire function 
©f finite order* say £ » if *f<%* 
emversely, let f(s) he of order / (*/>< 1). th*s » 
(1.10.8), m haw 

^ log ^ 

111, 33m i > »— * P 

& «ip ^©S§ ^JL 

>•«!* I 
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l©»e® for any £ > o# m cm find a posittir® integer I(e> 
such that 


9^-n, log^ 


n- 


logla | 
n 


-1 


< yO + g ® M(E) 


Or, 




W 


|a a i < < Xv ) 


f-f e 


or, 


therefore, 


i ,-v \ /% ^ \ k " 

(Xv) ! < V 


kLV] N /^ 

11 m ( >rv ) 1*0 

IB «# fi *' 


and tesee the theorem* 


8 


• ' talk f(») * a^ exp <s ^yv ) MJB 


J2£d8£ /> ,( */>< 1) and lower order 

« £iM f k m& *t ^mmjmmMss^MsL aiflac. jpa 

%C®> , < k • i***® • •****» »>» Mm 




£ - 


f 


I-/C/ 


if f urther* (1) . , leg X>v 


i©i 9^+ i m& <**> 
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log 


WX] 

Art- Sq 


* ”^0 , 
n+ ' 0*1 


1 / 


( %»vj ^2E^3La3L&SBT* 


a£g£e*stag foaetlca of a fat »>»©* 


(?.2*4) 9jg * 8 /(l* 18 ) * 


Proof * (7.2.3) follows froo (7.2.2). Hov } to prow 

(7.S.4) , since log j K ki ^\/ V x | / 

(k * 1,2,3,..,., ii) for® naa-decr®aslng functions of 
a for n > n 0 , in view of (11), wo hm® fro* (1.10.12) 
and (1.10.13) 


11a gap 
H ^ mm 

OBMPr ^ W T *«! w 4f0 


k[*nj 

lOgfl^C ) 

^rv log * 




i/» k 


Bence, 

8 k » 0 /(l - IS ) . 

MMUmMms. * £(s) * ^ «atp(» t* ©f 

ardor / (a/ < 1) lower order ® , and satisfy tb© 
©©editions of theorem 2. flea 


f < /? < f u < < cif />^o 

(7 .2.0) # 4 2^4 ...... *.4 8n_^4 8g if 8 |8 o . 

(7,2.7) y° * ©, If and ©idly if, P k * o for k *1,3,3, B. 
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(7*2,8) 8 * o, if and only if* l k « o for k * 1,3,3,... a* 
(7*2*9) p * a t if and only If, _£ * 8 k for k *1,2,3, *..,®. 

if f(*) is of regular growth then s© is i\(s) and 
vice-versa* 

7*3 Sow w® derive relations between types and 
9-types of f(a) and %(s) wbere S«type of f(s) is 
defined as 


(7,3*1) 


Hn inf 

cr «* m 


log M( o- ) 



, say 


If v@ replae® i by /> in (7.3*1), it is then ©ailed the 
lower type of f(s)» In ease, p m 8, tbe lower type and 
8** type becorae identical* 


That 


3* lifil. *UJ * | al ^ ®3^<s ) la. 


iaiaaltoJ^LJKto / (o< m p < l) , jowerLorder 8, toe f 
and i -toe. %, Ibsn, 

(7*2*9) » — (ft) 


f 


/> 


and farther, |£ (i) t > o (ii) > 


'W 


log) ~ T “I ^ ^>v) 




^rv-v i and (ill) 


function of n for n > % , 
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(7.3.3) *k (g k ) _1 . (8 

£ • s k> \ aa& *8 k iss&SsL iaaaagtAialz_aa ax&sxi 

lover order, tvae and 8^- tTM of f k <»). (k»l,2,3,...,»). 
Proof > tet 

, ' k[V3 Pk/> ~ 

(7.3.4) 0(n) » 2* |a ft ( V.) I 

e fir 

T lion, 

k[Xv] £ log>w 

log 0(a) * log 1/eP ♦ log + ♦ 

* V 

♦ 1/(1 rkf) log i^i 
1 

log !/«£ ♦ ^ ~ • log \vl % I 

sine® f k * /V 1 - k f 
Proceeding to limit, we get 

(7*3.6) Hffl sup log 0(b) * log («P ) 1 (eft) J 

n - <* * 

in view of (1*10*14), (1*10.16) ami kerne® (7*3*3) follows 
immediately from (7.3.6). 

Again replacing £ by § k in (7.3*4) ami thou 
proceeding on/ tfc® same linos as absv e , w® get (7*3*3)*' ' 
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7*4. Hi are now in position to give sm® 
applications of theorems 2 and 3* 


He hare 


(7*4*1) 

o &-» 

k " 

(7.4*2) 

m ®&-l 

1* ® k -x 



(7.4*2) 

* k ” ~s* ( 


/L 

x, 


and 


cr.4.«> • — <•«. 


for k * 1|8|3 |mm } a where for It « 1, ^ *fi 
0 O » 8 » f o * t «nd * % • 

The m relations are actually recurrence relations* 
Consequently* If we know toe order and type of one 
function out of ael functions, we can find order and 
type of any of the other * functions* Htnilar Is toe 
ease with toe lower type and ®~type* Fm?ther, 

^ 1 /P mfc, 

(7.4.6) *" k ( € *kJ ■* • <«Jt W k > 

are twsrariant quantities for k* 1*2* ••••«•» •* 
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(7.4*6) If we consider (o,/> ), (i f /> ), (2, £)*..., 
(®t ^ ) the points in the cartesian plan®, then they 
will fall on the curve 

f * f/(l-xp) 

when f is not zero the curve is obviously a hyperbola, 
this further shows that nailer is the order, richer 
will he class of such functions* If f m i/te, f(s) 
nay or nay not he an entire function. Bat, if f_(a) 
is an entire function then its order, which is the 
value of y at x « n, is infinite* for example, let 


f||t& 

f(s) *2 
0*1 




c K) 


where >n s / satisfy the condition (6.1.1). Then 


m %o S 

f (s) * Z „ • 

® ml 

does not convert for ir >, o and so it cannot be an 
entire function* On the other hand, if 


>7V^ 


f(s) • 


#* T %'^ v / \ \ 

(lOg >tv) - ( * n ) 


>W $ 


g«) - 1 


Oe« V5 
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Is an entire function of Infinite order* 

For the case p > 1/u $ no function fj^s), for 
k m | can be an entire function, this Inference w 
draw from the curse because the value of y which coincide 
with the order for x * k ernes out negative for 
k a and the order can never’ be negative. 

4. Let f (s ) * Si ®xp isXn ) be of. .order 
f (©< mp < 1) f ( f > o) . Ssa. 

(7.4.7) ^ („W * 

(7.4.8) C - f «Cl £ 


. if- CD ^'«+| (If) ® > 


log | 


q£^ a b | 

(Kj'*' 1 **'! *D+l 



o 


(HD 



n > % t BA 


(7.4.9) .. 8 ®^a • C ex? 

8 % 

(7.4.10) » B - • - £ x * W •* 



8» % are the kw order and jz&MJiL 

and yp » 5 k , I k t 6k aC£ J£giimSl^3^gJ^ 

Jttd 8 k rtet M £&SL 

k * 1,2,3,...., n. Ug£ k ® 1, £ * P i J 0 * I » 

*o - 1 • So ‘ ^ • 

t From (?.4.3) „ m have 

P 

£** “ e < 1,W T -' 


low putting k «1)2)3,..M) m in the above equation 
and multiplying them, we get 


n ( 

te*l ■ 


4V 


A 

S e 
k**l 




. /£ 
) *-/ 


®xp ( 


s 

te*l 






£ 


XX ( 
te»l 




w** 


Vow» since 

i 


a., 


txm (f *4«l I, we easily get. 


£v% 

7T" 


How, since > 


rt 


• exp( if ( /£ ) J ( £ f^.) 
kel * M k ~' 

A - 

~ V +) end logf 1 ■ r f T i « '." T , " ' * "~ 
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(fc * l|2 t 3|«.,,, m) fora non-deereasing functions of n 
for n >n Q , therefore, from (7.4,2) and (7,4.4) we 
can obtain (7.4*2). 

From (7*4,1), m have 

£ - ft_, = £ 


Therefore, 


■ 

£ 

te«l 


C ft - ft-, 


) 




/j.,e 

teii 



which Is (7*4*8). 

Similarly, fro® (7.4.2), we ©an obtain (7*4.1©)* 


7.©* let M(r , f) denote the maxims® value of 
|f(cr4‘ lt)| for ^ < t < » , Z*' ( cr, f ) the aaxtem* ter* 
la the series for 8# 8 * ^ and A/( cr , f) me rank of 
tile aaxteuo tom* stellar notations we use for f fc (s) 
and tbeir derivatives, la this section m prove the 
following, 

00 

ntaaa e. utt *<»> * * , * «*p(»?0 ta m mtUa, 


(t> i*« x 


"VV 


p (o^ m f°< 1) ana lower order 8* X£ 
lOg >w +/ (ii) lUg| 


. *wC&' ffr] 


t*-yv) *Q t y ^ 
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forma _.a. aoa ^ecreaalng fmctimof tim, 

f > o* 


cr (® • p »g) 1 log log M(sr , f) < 

(7*5.1) ♦ 

1*1® 1 - k S 

< log log M(<r , f^) < 

<r{p -Q <*€ ) . 1 

< 1 2.- kp 1* kp *°t log M(<7 ,£)• 


for <j > f k ** 1)2) *•*♦«! 8) ehero 


M(cr »£) « max f£{<rt it) | 
-®®Ct<®® 


K(o- ,f,_) * max \ti^* lt)| 


t It la mall know that 


gup 

lim 

<r ♦ «® ■ tef 


log log H( cr f f) 
cr 


P 

9 


fh®r®for®» for aay g > o, we can find a positive number 
/ / | 

» eg (f ) such that 


(7.9.3) { # * i*> < log log *<o- t f) < (P ®C* ) cr 

for <7- >• 0^' (8*)* ■ 
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From tbs hypothesis, it is clear that f k (s) is of order 
fyl-k and of lover order «/fl~k ®) • Therefore, for 
any 6 k > o, w can find a positive number o k <€ k >» suck 
that 


cr ( 8/l-k8)- e k ) < log log K( <r t f fe ) < «" < fyl-kp)* e*> 


for o~ > <r k (gj^ 


Or, 

( 26 * 9 ) 


P -€) 
1 - k 0 


•£— e ** < log log M(<r t f k )< 

1 -k® 


< 


cr ( p -|+g) 

■ + 


^ (8 * g*) 
1 - kP 


for e ^ (i* ♦ (l-k®) f k ) 


Making as® of (7*6*3) in (7*6*3), ve get 


q - (j- P *€) * 1 logg M( o~,f) < lo% K( tfjgX 

X *> k @ 1* 1 8 


cr (PHI 4g) 

< - . — ♦ 

1- kp 


1* kp 


logg M( <r ,f) 


for q- > ♦ MS ( (£ ), 0~k ^ ~ ^7 

14 k$ * 
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Following similar lines and making use of the result 


sup 

lim 

cr ** 00 inf 


O" 


<r 


pp 


X (x, P) dxy * ' , O < % < cr 

P> 


% 


we can prove the following t 

CO 


theorem 6 * &et f(s) 


2 a expCsXn^ ) he an entire 
n*l n * ' 


£m£&m~ 2 l-QX&&X. p » (04: mf< 1), laagfcjSS&SX » i 

£n> (p) 

H(<^>f)» l(o-, f VF ) ) denote the 

ranks of th e maximum tens of f(s) » f k (s) &&JML Pth 
derivatives f^ P *(s) f k P ^Cs) respectively. I£ (i) 

_ 'V - ~ i ----- I 

log ^-n log A 'yv-h / 


mi <u> log |/(VrM 


foi^SL^^m«dej^a5iag„ fms.&lfiP„ -Q£ a l2£ n > n Q , t ftaa 


for every e > o, mJSmiiHi iLJMHlJLttLy* 


/ 


<7.6.4) 


p (r(8- /-S) 
1-k d 


k 8 


X (x t p) dx < 




X*(x*P> dx < 


pa~ {P -64€) 


/ 


<5 


1 - k/> 

for 0 — >c% » ^ * 1,2,3, m, where 

(7.6.6) X <cr »P> « 

(7.6.6) 4 C o i > * ^«5i <fi> ) - 


r<r 

♦ M^J X0 ^ ;o6( 




8*1 Consider the Blrieblet series 


Its) * £ a, e^sCs>yv) 
n*l a 


S s»cr+ih sad 

(8*1*1) Us log n />.*, * »<®° 

|| 110 


Xt defines in Its half plane of convergence a holaaorphic 
function. Let and be the abselssa of convergence 
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and abscissa of absolute convergence! respectively* of f(s)* 

If os. * Oc s», f( 8 ) defines an entire function* 

X^cr~ 

Let cr ) 1m the nanlann of »*» • 9 (n*l 9 2 f 3. • .) 

and M(cr) the least tapper bound of |f(<7~eit) |* - ®° < t < m 
where <r is a constant smaller tbs® (75_ • Let ^ a/ o-) be that 
"A -rv corresponding to the aasdnua tern of the series for 
Re(s) « <r • Wien ^/v(<r; is evidently a non-decreasing 
function of o- * 

Let f(s) be an entire function of zero iltt-order* 

then 

log log M(cr ) log log M ( cr ) 

(8.1*1) lin sup — * lin sup * © 

cp ** cr 3— » cr 


fbr tills class of functions, the type and lover type cannot 
be defined. So overcone this difficulty# Bataan [64] first 
defined the order and lower order of this function by the 


relation 


( 8 * 1 * 3 ) 


lin 


<j~ «* ec 


sup 

inf 


log log H( j ) 

log cr~ 


P* 


W$ w fn call /°* m& as tbs logarittaic order sad 
logarittaic lower order of f(s)* It can be easily seen 
' ti»t X 

la this Chapter, we first find the logarittaic 
^ order tad logarittaic lower order In terns of coefficients* 
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further, to compare the coefficients of two consecutive 
teyos and link them with logarithmic older and the 
logar ithaic lower order* We also define logarithmic type 
and logarithmic lower type, the growth numbers and obtain 
a few relations among them. 

' 1* Let f(s) * Z a exp( i Art) 

a»l ® 

function of logarith mic, .order f (l ^ />$ « ) then 


(8*2*1) 


lia mp 

H e# €© 


log 


log( 




1 


I 

Let first !</*< ®® } Mia from (8*1*9) 


14m «Mn 
0~«* 00 


log log M(gr) 

l©g cr 


Z 3 


i*e. , for given 8 > ©t tr>< ^ * <r(C) Ad t > P 


(8.2*9) H(<r ) < esp( for (g) 

It is also known that 


1^1 $ n(<r}/ 
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therefor* f using (3.2,2) 


1 %) < 


exp (<r T ) 


Choose n such that 


t* (<or ) 


f -1 


S®ae@ t 


\%\ < e^(°“ T - f °~ T ) * «xp( -(®*1) o- T ) 


/ v 

•atp f -(T-l) (>rv/f) ) 


therefore. 


log V|%) > (®-l) / f 


t/f -1 


t/f -1 

A>v 


!>##•] 


l®g Xvu 

i 1 

l*g( r* log 7— * ) 

1% I 


0(1) ♦ 


*-1 




(3*2.3) 1 ♦ li* 

a** 


log X 


W 


1 1 ' 


v< P 
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if m take f » f * f * if />*» x» titan obviously 

lOg/^n. 

j-f lfc gtj p > ,.. L gg 0 

a~ «► logClA^Xog 1 /|^|) 

•X" 

If p m f the argument shows that loft band side ©f 

(8*2.3) is also infinity. 

let 


X * 11® slip 
a m m 


lOgAru 

iogO/i^iog i/|^|) 



then we have to show that pc ^p* m 

3o* we aay first suppose that ^ < ®® * let u > p*- • 


iog^v < <u-l) log (1/>^V log > 


!•« 


•* 


or* 


u/u**x / \ 

< ^) < log(l/|^| J 


w/u-1 

1 ^! < «99 C* X*, ) 


for ail a > 8» say* 
How* 


KCtr) $ 1^1 • 


c rX 


rv 


Warn 
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Ho v , 

and 

and in 


since 

Hence, 

i.e., 


c r~^ y 


Mto 4 ~ +e Ki * r> ~ + z i * ni * 


VVfN + lj] 


u 


® ^ ^ 2g + 2g i say • 


s x » 0(1) 


>u-i 


< |log(2 e° )v • « 


(logCSe")) 


u-l 


1*^1 • < 


cr >. 


exp( A^v ) 


u/u-i" 


< 1/2 


V i (lo« (8®°~ >) 


u-l 


. x u-l 

*-l ^(loglSeV) ♦ 0(1) 


M( cr) < ^lagCS©^ ) 


log M(0 < ( log(2e tr )^) ♦ o(<r ), o( 0>1* 


Again taking tbe logaritisais of botk sides, dividing 
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by log cr and then proceeding to limits 9 m get 


log log X( o- ) 

(8.2*4) lim sm — . < u- . 

«® logo- v r 

it m take u-» yu.* g . If ^ then the result is 

obvious* Bence the re milt fellow in view of (8.2.3) 
and (8.2*4). 

3* gg& f(s) » S flu esp(a^rv) fa M&llSL 

f|S j. 

function of lomrtttwlc tomr or<ter £ U*V<«»). Ii 
log >>v log V+ » > 


log^w 

(i) X* >. 1 ♦ lim inf - unM.-y . ' 

n-* ®° log(l/V log fatal" 1 ) 

(il) ILJmmLt ^siVVl* ^ ^ ^ 

ft9 ft-decr..sa*lng ftootlfliu af » £®& » > ®o » 

logX^ 


A * lias inf 

ft «ft •& 


♦ l 


log(l/\vlog|%l > 


Proof $ l*«t first 


3 i» inf 

a «* ®® 


log 


g , (o< 0< « )* 


log(*— log 


K» 


j 
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fh^m | for any gfrea f > o* m &m find m. I soeh that 


lojj X 


VU 


log(-T" log > 

l\»l 


> (§-€> 'fcnr rt>A/ 


Or* 




4> 0~ Avv 


!»•%> 


(8«6) 

» JL <r . If o^4t o- < , then 

2 


i/i-e 

leg X(<r) ^ (2 •!) ( Aw) 


©r§ 


log leg U{o- 5 (l#®**®) lagA> 

■ — > — » — ■ (0*€) . 


lag <r 


(0 •€) 


log A 




©sing tte hypothesis log Aw'~ log ^-w-v \ ®®d thon 
proeoodiiig to Holts, m got 


log log X( cr ) 


lj a Inf "»• " 1 11 " ■ -— 1 ^ 

<r -o «e log cr 


1 ♦ 0. 


%M@h holds ohrlooflly for 0*0* If 0 * 00 it earn ho 
ogfliiy seen that A** ®* mi i henoo tho ftfflt part it prorod* 



1 a particular. 


#■ 

s ~l*€ 

*«v, > ( ^ <*i> - e _} 

where, « ■ ala ^ l, ( y (Bj^ - ^(Bj-DJ/s) 

Further, ne have 

y-OKj.) • f (!♦ m^) a * (a«l) 

IgnM. 

*“« IV /a h 0 *l> * 1 °e>*a 0 +l / » no + * 1 *’"* k >sla n-l /a n l 

“ I \ /a nt 

$ < V- ^ 3 <a*l) 

i 

< ( \v» ^V1. 0 ) { C ♦ ^ ) 


Wmm $ for all largo a 


lOg ,JL < k(%H 2 A-k * C ^Vv 


I\1 




log(l/>>v log 1/ 1%|1 

ie|X 


< 


A vv 


A oojjp fj 


♦ <*1) 
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Proceeding to Halts, ve get 


list Inf 


iOg 

3_ j- 


n * » log( ^ log *- , ) 


. 7\ 

> A - i 


y t~. 

which also bolds good when A * i* Hh@a A a «© 
then clearly 


log 

lifl Inf I « »— X».r. ^ 1 ^1 . w , .Ii mm i 

n •» oo log(— j* log - 4 - ) 


CO 


yv 


TO 


Oils together with (1) proves the theorem. 


• lAl fCs) ■ * ^ expCs ) 3 Ul flalto 


BPl 


tMUfiMia ( aflMML jmibui lammtlil adaaaaial ) al 2&gMlStm%& 

m ®m />* ** Ci $>* $ P$ m ). 

It 


sup 

0 < liB 

n •» oo iaf 


A'yv A»i — i 


< oo fog some «C, 


n 






4— £ 0 


* A*-J 


11a 
a <* ee iaf 


C^n+t j 

W *®I *®st% /s^jj 


-/ 


w 
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i Lot 

llB *» lo « ^slv /a M-xi ®i 

B ♦ W inf lfi£ Arv 

let -1/ «**>! < 0^< o» 9 then for any 6 > o t there 

exists a fixed integer ^ depending on £ such that 


(8.8.6) (<L-e) < < (Dj^ ♦ e) 

* log 

How, from the fcypotbssis, there exist two positive nmhers 
hf k such that © < h< k < «® and 

(8.8.7) hn" < (X*» >,*., > < kn*. 


hi know that for g > -1 » 


a 

s 

®»1 



n^ + ' 

i TT i ii i n i— n 


therefore# there exist two non-sero eon stmts h^» % 
say, such that 

(8.8.8) ^ < h*' 



How* QQMblsi&I nl%ti (8«3*6-) giTOs 


(*! a* 1 )* 1 * < log /a^l < (kg n^ 1 A* 

for a aax (I* m Q ), 

let n 0 > N , putting n * Bqj n 0 + 1»« ....... a-1 

and than adding a-a 0 inequalities thus obtained, m get 


b 

iwmmmi* m 


<***!> C%-e >*■! 
(l-e) a A 


(« ♦ lKd x -€) ♦ 1 


< *®g i 



X 


<1*> * 1 
(«+iH9^«e) ♦ i 


Slate , f*om (8. *3. 8), log \y%s (•><♦1) log a dividing 
(3.3.9) by a"**’ 3, t wad then talcing the logarithm of both 
the sides, m get 


(84«10) 


4 ** 
i 


STi 


df t lit 

\ * PI 


SUP leg (1/Xn.log 1/1 ^t) 


>®®iaf 


log X 


iv 
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Xa view of (8*2*7) and (3*2*3)* it can be easily seen that 


(8*2*11) d« * d ♦ ■ 1 jsd Dl * 8 + 

* * ♦ 1 1 <*►! 


Substituting these values of d^ and in (8*2*10) we get 
(8*2*6) for o < d* D < w . If d « o or 2 * m the result 
is obvious* If d • e® then so is © and a© given any k 
howsoever large* we get 


log log | /a^jJ 

log V 


> k for a>a« n(k) 


> es^C^n*) 


> A eaqp 


^1 n-1 

eat© £ \, / eaq? £ 

2 («€fl) k*l 

<l-£) n l x/ 


(«oi)(<*l bl) 


log (l/v. log 1/|^) „ 

— — > *♦ — 
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Similarly* If D * e it cm be shorn that 


log( l/^log 3/l^f 1 ) 

Xiffi u « $ 

n - 00 log 

Ban @e the theory is proved. 

©0 

4. L§£ f(e) * S a ®xp<s ^ ) be an entire 

&*l “ 

tamMm ®LJma3&$MUu2s&8z p*aM afl.gagJJtMj.^,l2iitg,..ac^ 
**<1 -$ **4f% m )* m log 
& non-decreasing ftmetioa_flg a fiat a > Bq » J«|MX 


1 1 

(8*8*18) 0 $ 3p— 10& 4 > tt~ 

A -l P -1 

where d © are the-saae aa la thaoren 3# 

Proof 1 Let f (a) * log l a ft /a^j / C^r X*) 

Let o < 0 < » * Shea* 

|Hg 

^ (a) > exp ( 'XyJ) 

fey a sequence of values of a * B^* Bg* *•••• 8g •••** * • 
Sow* let B then 

l\l *%i /a * 3 *X* i%j*l /a Sj*a| •*****«%*l/^ l l* 
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and ao 


JL log kf l • o(l) ♦ s a * X C^f+i ) * ^< a > 
^ <|»Si 

( V - \ ) log -f <»p ) 




So 


log(l/V log 1/1^1) 
)d( Aw 


> 


log} 


YV 


}/Vj 


i©g(i- 


lot 


} vv. • ( log >V/> ) +1 


then 


logCl/V log l/l^l > 
log Xw 


(D-€) log ^ 
logCAty log?A/ty ) 


l«rn&. 


iftiofe gifts 


11b gap 

fi# 00 


logU/y log i/I^D > p > 

lOg An, 


mi mult obrtoualy bold* «*«o D « e. If D be Infinite 
«t* abate *rgi»«ot ultb an arblteaiy lawe nenbe, laatead 

of. . ( n •» f) gitoa 
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u. |a » fl) « oo 

n -* ®o log Xvv 

I 

Similarly » we can prove that d - -% --- and hence 
the theorem* 

8*3 m have already defined the logarithmic 
order and logarithmic lower order f It enables us to 
define the logarithmic type T* end logarithmic lower 
type t * by the relation 

sup log M(<r) f* *- 

(8*3*1) lim "r* 1 * * for % < P <m 

or-* ee inf <r t 

* r>*" * 

It ©an be easily seen that XX f > * then t « 0* So, 
when 1 0*4 y°* , we define the logarithmic a*- type by 


(8*3*8) lim Inf 

cr •* O® 


log H( cr) 

cr'* 


i say* 


It is again evident that 


li m stts 

(T+r W 


log K(<r) 



■ eo • 


Similarly § we define tbe logarithmic growth numbers 

¥c *- . . 

f r W ^ 

m iKw _ • 


(1.14) 


lim 
<r'-m m Inf 


r-t 



In this section we derive sane results which are 


given in the form of theorems* 


5. Let f(s) * exp(s Mfk fOtfaBL 


function of logarlt^fe nraaii P jl<P< «t » 

■* * 
fam e f i laistJflgjM&Jttate. ,.te& * » 


(8.3.4) 


* *• * -x- * * 


where 


8 W ^a/o-) 

e lim ■ «— 

Y* cr «*©e l»f P*~ I 


r* oof t It is laaoi® that 

lOg ^ (<?-) 9 lOgyU (<^) * f 




Therefore! for almost aH values of cr for vhleh lwf<x) 
Is eontlnuous/ t* have 

a 

^ Co—) 


Co~) 


8oV| 


Ha 

<3r «* -00 Inf 


^(<r) 


<r 


ft; 




Therefore* for soy t > ©» » > 


P* / 


«* 

P -/ 


</. D <r < W;r*:f • *« <r 
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r-l 


or t (V - g) <r < 


M (<r) * 

< (d ♦ e) 


/>-/ 




6r ) 


Integrating the above la equality between the Halts 

P* 

to cr and then dividing the whole inequality by cr » 
we get t 


Y 


* 


P* 


* 0(1) < 3S8Z111 < Li! + 0(1) 




r 


Sow* proceeding to Halt we get the required result* 

rv 

Theorem 6. Let f(s) * g a ^ ^ e^> (s ^ ) tf,,a& 
entire function P (!</*< ••)• 


(3«3«S) 


lia 

cr -# 


log/< i^r) 


c r ^NCcr,) 


^ \ ~ LY ) 




yyaqf I St bnov that 


log 


P ' 1 * !? to*(l/v tog Vl^l) 


Ttaaroforo, for all values of n > »o t 


. let 

legClAw 55 


< (f - 1 * 
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or, 


1 ♦ 


io«l\l<-(Xv) e 




* 

L*JL 




Sow, 


logy^ (°~) » l©g 


04 


| 4 <j~'Xn(o-) 


p+ p 

HW;)/-3*C ♦ 


tr 


C<r) 


or 


1 ©I^( <r) 


^/V(< 


< 1 - 


/ ^N(o-) \ 




j q‘S- 

r~M-£ 


Therefore, on proceeding to limit, m got 


It® 

<r «* 




oo 


** It&i fCo) • s -3L ^ «*p<» V ) 

mMiimJOmsXkmL sJLXotaii i&aliLja&ax. p* 

lower order • ' Then 


★ *• 


<S.5U*> 11® iaf i£!S ^ > « e 4 Mm , 

cr «» CO leg u (<r) cr 


trl 




fcr) 
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t l»®t 


m 


Ha ’ tr^NCo-) 


< 

P 


fhm 


it - e) < 


T 'Xv(cr) 
leg H (<r) 


< ( e® |) 


m'ct) 

Uv large o~ * m also toow that W; = -j-- for aloost 


all values ©f <r • therefore 


Or) 


W-E) 




C* 4 - t ) 


cr 


/< filing p. 


fir) 


<r 


Integrating the above inequality between. the limits 
to tr and then dividing it out by log a- , m get 

log log/* ( <r y 

cm> ♦ ©CD < ♦ ©ci) < c«+e)*oci) 

lo g o~ 

Io*t proceeding to limits m get the required result in 
view of the fact that log p- C tr) r — log KC <>-)' Ibt 
functions of finite order* 
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